
 
 

British Journal of Mathematics & Computer Science  
3(3): 352-389, 2013 

 

SCIENCEDOMAIN international 
www.sciencedomain.org   

________________________________________________________________ 

_____________________________________ 
*Corresponding author: angelov@mgu.bg; 
  
 

 

Lossless Transmission Lines Terminated by L-Load in 
Series Connected to Parallel Connected GL-Loads 

 
Vasil G. Angelov1* 

 
1Department of Mathematics, University of Mining and Geology”St. I. Rilski”, 1700 Sofia, 

Bulgaria. 
 
 
 

Received: 08 March 2013 
Accepted: 03 May 2013 

Published: 15 May 2013 
_______________________________________________________________________ 
 

Abstract 
 
The paper analyses transmission lines terminated by nonlinear loads situated as follows: GC-
loads are connected parallel and L-load is connected in series to them (Fig. 1). First, we 
formulate boundary conditions for a lossless transmission line system on the basis of 
Kirchhoff’s law. Then, we reduce the mixed problem for the system in question to initial value 
problem for a neutral system on the boundary. We introduce an operator in a suitable function 
space whose fixed point is a periodic solution of the neutral system. The obtained conditions are 
easily verifiable. We demonstrate the advantages of our method in Numerical example. 

Keywords: Lossless transmission line, Mixed problem for hyperbolic system, Neutral equation, 
Periodic solution, Fixed point theorem, Kirchhoff’s law. 

 

1 Introduction 
 
The transmission line theory is based on the Telegrapher equations, which, from a mathematical 
point of view, present a first order hyperbolic system of partial differential equations with 
unknown functions the voltage and the current. The subject of transmission lines has grown in 
importance because of the many applications [1-9]. 
  
In our previous papers we have considered lossless and lossy transmission lines terminated by 
various configurations of nonlinear loads – connected in series, parallel connected, and so on [10-
16]. The main purpose of the present paper is to consider a lossless transmission line terminated 
by nonlinear RGCL-loads placed in the following way: GC-loads are parallel and connected in 
series to L-load (Fig. 1). Such a configuration arises when considering the nature of the self-
excitation of a tube generator containing a self-bias element in a grid circuit [17]. Such a 
configuration is also a basic element of a diode detection circuit [17,18]. 
 
The first difficulty is to derive the boundary conditions as a consequence of Kirchhoff’s law (Fig. 
1) and to formulate the mixed problem for the hyperbolic system. The second one is to reduce the 
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mixed problem for the hyperbolic system to an initial value problem for neutral equations on the 
boundary. We overcome the last difficulty using the basic result [19] and the recent result [20]. 
 
Finally, we have to introduce a suitable operator whose fixed point is a periodic solution to the 
problem stated. By means of the fixed point method [21], we obtain an existence-uniqueness of 
the periodic solution.  
 
The paper consists of six subsections. In Subsection 2.1, on the basis of Kirchhoff’s law, we 
derive the boundary conditions and then formulate the mixed problem for the hyperbolic system 
or the transmission line system. In Subsection 2.2, we reduce the mixed problem to an initial value 
problem on the boundary. In Subsection 2.3, we analyse the arising nonlinearities and make some 
estimates which we use further on. In Subsection 2.4, we introduce an operator presentation of the 
periodic problem. The key role is played by Lemma 4.3: the operator has a fixed point iff the 
neutral system has a periodic solution. Subsection 2.5 contains some technical preliminaries, 
namely-Lipschitz estimates of the right hand sides of the equations. Subsection 2.6 contains the 
main result − existence-uniqueness theorem for a periodic solution of the neutral system. Finally, 
in Section 3, we demonstrate how to apply our results to specific problems verifying only a system 
of inequalities. 
 

2 Main Results  
 
2.1 Derivation of the Boundary Conditions and Formulation of the Mixed 

Problem 
  

Let Λ  be the length of the transmission line and LCLCT Λ=Λ= )/1/( , where L  is per unit-

length inductance and C  – per unit-length capacitance. 
 
In accordance to Kirchhoff’s V-law (Fig. 1), we have to collect the currents of the elements pG  

and pC  and after that to collect the voltage of ppCG  with the voltage of )1,0( =pLp . 

 

 
 

Fig. 1. Lossless transmission line terminated by nonlinear loads at both ends 
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We assume that pp CG ,  and pL  are nonlinear elements, that is, ,
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Kirchhoff’s voltage-law yields  
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Here )1,0(),( =ptEp are source functions connected in series to RGCL-loads. 

 
Now we are able to formulate the initial-boundary value problem (or mixed problem) for the 
hyperbolic transmission line equations: to find a solution )),(),,(( txitxu  to the first order partial 
differential system of hyperbolic type  
 

0
),(),(

,0
),(),(

=
∂

∂+
∂

∂

=
∂

∂+
∂

∂

x

txu
C

t

txi

x

txi
L

t

txu

        (1.2) 
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2.2 Reducing the Mixed Problem to an Initial Value Problem on the 

Boundary 
 
We proceed from the lossless transmission line, that is, from the system: 
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Next, we subtract the equations of (2.2): 
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and then, in view of the usually accepted denotations LCvCLZ /1,/0 == , we get: 
 

( ) ( )

( ) ( ) .0),(),(),(),(

,0),(),(),(),(

00

00

=−
∂
∂−−

∂
∂

=+
∂
∂++

∂
∂

txiZtxu
x

vtxiZtxu
t

txiZtxu
x

vtxiZtxu
t     (2.3) 

 
Let us put 
 

),(),(),(

),,(),(),(

0

0

txiZtxutxI

txiZtxutxU

−=
+=

, 

 

that is 
















−
=









),(

),(

1

1

),(

),(

0

0

txi

txu

Z

Z

txI

txU

 

and 
















−
=









),(

),(

)2/(1)2/(1

2/12/1

),(

),(

00 txI

txU

ZZtxi

txu

 

or 



 
 
 
 
 
 
 

British Journal of Mathematics & Computer Science 3(3), 352-389, 2013 
 
 

357 
 

).,(
2

1
),(

2

1
),(

),,(
2

1
),(

2

1
),(

00

txI
Z

txU
Z

txi

txItxUtxu

−=

+=

 

 
Then (2.3) becomes  
 

.0
),(),(

,0
),(),(

=
∂

∂−
∂

∂

=
∂

∂+
∂

∂

x

txI
v

t

txI
x

txU
v

t

txU

 

 
The characteristics of the system are the families of straight lines 
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).(),(),(),0( tItItUtU ≡Λ≡        (2.5) 
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Solving (2.4) with respect to the derivatives, we reach the system: 
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Obviously, the system obtained is a neutral one with respect to the unknown functions )(tU  and 

).(tI  In order to formulate conditions for existence-uniqueness of the periodic solution, we 

translate the initial functions along the characteristics from Ox⊂Λ],0[  to OtT ⊂],0[ . 

 
The initial functions defined on OtT ⊂],0[  are denoted by )(0 tU  and )(0 tI . 
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2.3 Analysis of the Arising Nonlinearities 
 
First, we precise the definition domains of the functions: 
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)1,0(,
)).(()(

~

== p
dt

uuCd

dt

uCd pp
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( ) ( )[ ]
( )

( )
( )

.
212

21
0

2

0

21
0

2

00

h h
p

p
h

pp

h h
p

p
h

pp

h

hc

h

hhc

++ −Φ

+ΦΦ
=

−Φ

++−ΦΦ
≤

φ

φ

φ

φφ

 

For 






 ΦΦ

+
<≤≤− 1000 ,,

1
min

h

h
u φφ

 
it follows that 

( )
0

)1(2)(
~

2
1

>+−

−Φ

Φ
=

+ h

uhh

uh

c

du

uCd

hp

h
ppp .

 

Therefore, { }
( )

p

hp

p
h

pp
pp C

hh

h

c
CuuC ˆ)1(

)(
~

],[:)(
~

min
1

1
0

0
000 =

+Φ

−+ΦΦ
=−=−∈

+φ

φ
φφφ

. 

For the VI −  characteristics, we assume )1,0(,)(
1

)0(
0 == ∑

=
kiriR

m

n

n
n

 
and ∑

=
=

m

n

np
np iliL

0

)( .)( Then  

..)(.)(
~

0

)(∑
=

==
m

n

np
npp iliiLiiL  

 

For )(
~

iLp  we get ∑∑∑
===

− +=+=+=
m

n

np
n

m

n

np
n

m

n

np
np

pp ilnilinliiL
di

idL
i

di

iLd

1

)(

1

)(

1

1)( )1()(
)()(

~

. 

 

Assumptions (L): ( ) ;0ˆ)()1(/))((
~

)(
1

)(
0 >≥+=⇒∞<Ι≤ ∑

=
p

m

n

np
np LtilnditiLdti  

 

Assumptions (C): 
( )

;
2

),0( 0
00

0
φ

µ
≤+≤ JVe

tu
T

 
( )

;
2

),( 0
00

0
φ

µ
≤+≤Λ JVe

tu
T

  

 

( )
;

2
),0( 0

0

00
0

Ι≤+≤
Z

JVe
ti

Tµ
 

( )
;

2
),( 0

0

00
0

Ι≤
+

≤Λ
Z

JVe
ti

Tµ
 

 

Assumptions (G): .)()(,)()(
1

)1(
1

1

)0(
0 11110000 ∑∑

==
==

m

n

n
LRnLR

m

n

n
LRnLR igiGigiG

 

 
We introduce the sets: 
 

{ },])1(,[,)(:),[)( 00
)0(

000
1
0000 TkTkTTteUtuTCtuM kTTt

GCGTCG +++∈≤∞∈= −−µ

{ },])1(,[,)(:),[(.) 00
)0(

0
1
0

TkTkTTteVtUTCUM kTTt
TU +++∈≤∞∈= −−µ

{ },])1(,[,)(:),[)( 00
)0(

111
1
0111 TkTkTTteUtuTCtuM kTTt

GCGTCG +++∈≤∞∈= −−µ

{ },])1(,[,)(:),[(.) 00
)(

0
1 0

0
TkTkTTteJtITCIM kTTt

TI +++∈≤∞∈= −−µ  

 
where µ,,,, 0100

TIVI GG  are positive constants (chosen below). We introduce the constant 

.00 Tµµ =  
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The set IU MMMM ××× 10  turns out into a complete metric space (for details [20]) with respect 

to the metric 
 

{
}1,...,1,0:),(),,(ˆ

),,(),,(ˆ),,(),,(ˆ),,(),,(ˆmax

)),,,(),,,,((

)(

)()()(
1111111100000000

11001100

−=

=

=

mkIIII

uuuuUUUUuuuu

IuUuIuUu

k

CGCG
k

CGCG
k

CGCG
k

CGCG

CGCGCGCG

&&

&&
&&&&

µ

µµµ

µ

ρρ

ρρρρρρ

ρ

 

where 
 

{ }])1(,[:)()(max),( 0000000000
)( TkTkTTttutuuu CGCGCGCG

k +++∈−=ρ , 

{ }])1(,[:)()(max),( 00
)( TkTkTTttUtUUUk +++∈−=ρ , 

{ }])1(,[:)()(max),( 0011111111
)( TkTkTTttutuuu CGCGCGCG

k +++∈−=ρ , 

{ }])1(,[:)()(max),( 00
)( TkTkTTttItIIIk +++∈−=ρ , 

{ }]2,[:)()(max),(ˆ
00000000

TTttutuuu CGCGCGCG ∈−=ρ , 

{ }]2,[:)()(max),(ˆ TTttUtUUU ∈−=ρ , 

{ }]2,[:)()(max),(ˆ
11111111

TTttutuuu CGCGCGCG ∈−=ρ , { }]2,[:)()(max),(ˆ TTttItIII ∈−=ρ , 

 { }])1(,[:)()(max),( 000000
)0(

0000
)( TkTkTTttutueuu CGCG

kTTt
CGCG

k +++∈−= −−−µ
µρ , 

{ }])1(,[:)()(max),( 000000
)0(

0000
)( TkTkTTttutueuu CGCG

kTTt
CGCG

k +++∈−= −−− &&&&
µ

µρ , 

{ }])1(,[:)()(max),( 00
)0()( TkTkTTttUtUeUU kTTtk +++∈−= −−−µ

µρ , 

{ }])1(,[:)()(max),( 00
)0()( TkTkTTttUtUeUU kTTtk +++∈−= −−− &&&& µ

µρ , 

{ }])1(,[:)()(max),( 001111
)0(

1111
)( TkTkTTttutueuu CGCG

kTTt
CGCG

k +++∈−= −−−µ
µρ , 

{ }])1(,[:)()(max),( 001111
)0(

1111
)( TkTkTTttutueuu CGCG

kTTt
CGCG

k +++∈−= −−− &&&
µ

µρ , 

{ }])1(,[:)()(max),( 00
)0()( TkTkTTttItIeII kTTtk +++∈−= −−−µ

µρ , 

{ }])1(,[:)()(max),( 00
)0()( TkTkTTttItIeII kTTtk +++∈−= −−− &&&& µ

µρ . 

 
Remark 3.1. It is easy to verify that  
 

{ }1,...,2,1,0:),(max),(ˆ
0000

)(
0000

−== mkuuuu CGCG
k

CGCG ρρ ,  

{ }1,...,2,1,0:),(max),(ˆ )( −== mkUUUU kρρ , 

{ }1,...,2,1,0:),(max),(ˆ
1111

)(
1111

−== mkuuuu CGCG
k

CGCG ρρ ,  

{ }1,...,2,1,0:),(max),(ˆ )( −== mkIIII kρρ , ),(),(
0000

)(0
0000

)(
CGCG

k
CGCG

k uueuu µ
µ ρρ ≤ , 
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),(),( )(0)( UUeUU kk
µ

µ ρρ ≤ , ),,(),(
1111

)(0
1111

)(
CGCG

k
CGCG

k uueuu µ
µ ρρ ≤  

),(),( )(0)( IIeII kk
µ

µ ρρ ≤ , 

{ }
{ } ( ) ,),,,(),,,,(12,...,2,1,0:),(max

1,...,2,1,0:),(max),(ˆ

11001100

0

0000

0

00000000

)(

)(

IuUuIuUuemkuue

mkuuuu

CGCGCGCGCGCG
k

CGCG
k

CGCG

µ
µ

µ
µ ρρ

ρρ

≤−=≤

≤−==
 

{ }
{ } ( ) ,),,,(),,,,(12,...,2,1,0:),(max

1,...,2,1,0:),(max),(ˆ

11001100

00 )(

)(

IuUuIuUuemkUUe

mkUUUU

CGCGCGCG
k

k

µ
µ

µ
µ ρρ

ρρ

≤−=≤

≤−==
 

{ }
{ } ( ),),,,(),,,,(12,...,2,1,0:),(max

1,...,2,1,0:)),(max),(ˆ

11001100

0

1111

0

11111111

)(

)(

IuUuIuUuemkuue

mkuuuu

CGCGCGCGCGCG
k

CGCG
k

CGCG

µ
µ

µ
µ ρρ

ρρ

≤−=≤

≤−==
 

{ }
{ } ( ).),,,(),,,,(12,...,2,1,0:),(max

1,...,2,1,0:),(max),(ˆ

11001100
0)(0

)(

IuUuIuUuemkIIe

mkIIII

CGCGCGCG
k

k

µ
µ

µ
µ ρρ

ρρ

≤−=≤

≤−==
 

 
2.4 Operator Presentation of the Periodic Problem 
 
Now we formulate the main problem: to find a 0T -periodic solution ( ))(),(),(),(

1100
tItutUtu CGCG  

of the system: 
 

.],0[),()(;)(];,0[),()(,)(

,)()(
2

)(

2

)(

/
2

)(

2

)(~

2)()(

(4.1),)(
2

)(

2

)(

/)(

1)(

,)()(
2

)(

2

)(

/
2

)(

2

)(~

2)()(

,)(
2

)(

2

)(

/)(

1)(

)0()0()0()0(

1

00
1

0

1
001

0

00
0

0

0
000

11110000

11

11

11

1111

11

00

00

00

0000

00

TttItIuTuTttUtUuTu

tEtu
tITtU

di
Z

tI

Z

TtU
Ld

Z

dt

TtdU

dt

tdI

uG
Z

tI

Z

TtU

duuCddt

tdu

tEtu
TtItU

di
Z

TtI

Z

tU
Ld

Z

dt

TtdI

dt

tdU

uG
Z

TtI

Z

tU

duuCddt

tdu

CGCGCGCG

CG

CG

CG
CGCG

CG

CG

CG

CG
CGCG

CG

∈==∈==








 +−+−









+−−

+−=









−+−−=








 +−−+








 −+−
−−=









−−+−=

 

 

By ),[1
0

∞TCT  we mean the space of all continuous 0T -periodic functions with piece wise 

continuous derivatives. The main difficulty is to define a suitable operator whose fixed points are 
the solutions sought. The operator ),,,( 10 IU BBBBB =  is defined for any 

],)1(,[ 00 TkTkTTt +++∈ )1,...,2,1,0( −= mk  by the formulas (assuming that ,0)()0(

00
=Tu CG   

0)(,0,0)( )0()0()0(

11
=== TIuTU CG ):  
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,)()(:))(,,(

,)()(:))(,,(

,)(
)(:))(,,(

,)()(:))(,,(

0

00

11

0

0

1

0

111

0

00

00

0

0

0

0

000

)1(

0

0)(

)1(

0

0)(
1

)1(

0

0)(

)1(

0

0)(
0

∫∫

∫∫

∫∫

∫∫

++

++

++

++

++

++

++

++

−−
−=

−−
−=

−−
−=

−−
−=

TkT

kTT

t

kTT
CG

k
I

TkT

kTT
G

t

kTT
GCG

k

TkT

kTT

t

kTT
CG

k
U

TkT

kTT
G

t

kTT
GCG

k

dssI
T

kTTt
dssItuIUB

dssU
T

kTTt
dssUtuIUB

dssU

T

kTTt
dssUtIUuB

dssU
T

kTTt
dssUtIUuB

                                     (4.2) 

 
])1(,[ 00 TkTkTTt +++∈ )1,,...2,1,0( −= mk , where the functions )( TtU −  and )( TtI −  are 

replaced by the initial functions on the segment ]2,[ TT  translated to the right, that is  
 

]2,[),()(),()( 00 TTttITtItUTtU ∈=−=−
vv

: 

,)(
2

)(

2

)(

/)(

1
))(,,(

00

0000

000 0
0

0

00
0 










−+−≡ CG

CGCG
CGG uG

Z

tI

Z

tU

duuCd
tIUuU

v
v

 ,)()(
2

)(

2

)(

/
2

)(

2

)(~

2)(
))(,,( 0

0

0

0

0
0

00
0 00

00

00 









+−+











+−

−≡ tEtu
tItU

di
Z

tI

Z

tU
Ld

Z

dt

tId
tIUuU CGCG

CG

v

v

v
v

 

,)(
2

)(

2

)(

/)(

1
))(,,(

11

1111

111 1
00

0

1
0 










−+−≡ CG

CGCG
CGG uG

Z

tI

Z

tU

duuCd
tIuUU

v
v

 .)()(
2

)(

2

)(

/
2

)(

2

)(~

2)(
),,( 1

0

00

0
1

00
0 11

11

11 









+−+











+−

+≡ tEtu
tItU

di
Z

tI

Z

tU
Ld

Z

dt

tUd
IuUI CG

CG

CG

v

v

v
v

 

 
From now on, the following assumptions will be fulfilled: 
 

(E): ( ) ;)(;1,0),,0[(.) )(
0

)(1 00

0

kTTtkTTt
EpTp eVeUtEpCE

p

−−−− ≤≤=∞∈ µµ  

(IN): )(
00

)(
000

1
00

00

0
)(,)(,,],0[(.)(.), kTtkTt

T eJetIeVetUmTTTCIU −−−− ≤≤=∈ µβµβ
 

)1,...,2,1,0( −= mk  where 0const.>=β  is chosen below. 

It follows that ,)( )0(
00

kTTteVetU −−−≤ µβv
 )1,...,2,1,0()( )0(

00 −=≤ −−− mkeJetI kTTtµβv
. 

 
Lemma 4.1. If (E) and (IN) are satisfied and IUCGCG MMMMIuUu ×××∈ 101100

),,,( , then 

operator functions ))(,,(
000

tIUiU LRG , ))(,,(
00

tIUuU CG , ))(,,(
111

tIuUU CGG , ),,(
11

IuUI CG  are 

0T -periodic ones. 
The proof is omitted. 
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Lemma 4.2. If IUCGCG MMMMIuUu ×××∈ 101100
),,,( , then 

 

( ) .))(,,(),)(,,(),)(,,(),)(,,( 1011
)(

11100000 IUCG
k

ICGCGUCG MMMMtuIUBtuIUBtIUuBtIUuB ×××∈
 
Proof: We notice that 
 

))(,,(),)(,,(),)(,,(),)(,,(
11

)(
11100000 tuIUBtuIUBtIUuBtIUuB CG

k
ICGCGUCG  

 
are continuously differentiable functions. Indeed, 
 

,0))(,,())(,,(:))(,,(
0)1(

0
000

0

00
0

0
000000

)(
0 =−−+−=+ ∫∫

++

+

+

+

TkT

kTT
LRG

kTT

kTT
LRGCG

k dssIUiU
T

kTTkTT
dssIUiUkTTIUuB

 

,0))(,,(
)1(

))(,,(:))1()(,,(

0)1(

0
000

0

00

0)1(

0
000000

)(
0

=−−++−

−=++

∫

∫

++

+

++

+

TkT

kTT
LRG

TkT

kTT
LRGCG

k

dssIUiU
T

kTTTkT

sIUiUTkTIUuB

 

.0))(,,(
)1()1(

))(,,(:))1()(,,(

0)2(

0)1(
000

0

00

0)1(

0)1(
0000000

)(
0

=+−−++−

−=++

∫

∫

++

++

++

++

TkT

TkT
LRG

TkT

TkT
LRGLRG

k

dssIUiU
T

TkTTkT

dssIUiUTkTIUiUB

 

 
For the derivatives we obtain 
 

∫
++

+

−=
0

0

000000

00

)1(

0

)(
0 ,))(,,(

1
))(,,(

))(,,( TkT

kTT
LRGLRG

CG
k

dssIUiU
T

tIUiU
dt

tIUudB
 

∫
++

++

+

−=
0)2(

0)1(
000

0
000

00
)1(

0 ))(,,(
1

))(,,(
))(,,( TkT

TkT
LRGLRG

CG
k

dssIUiU
T

tIUiU
dt

tIUudB
 

 
and therefore 
 

∫
++

+

=−++=
++ 0)1(

0
000

0
0000

000
)(

0 ))(,,(
1

))1()(,,(
))1()(,,( TkT

kTT
LRGLRG

CG
k

dssIUiU
T

TkTIUiU
dt

TkTIUudB

 

.
))1()(,,(

))(,,(
1

))1()(,,(
0

)1(
0

)2(

)1(0
0

00
0

0

000000 dt

TkTIUudB
dssIUiU

T
TkTIUiU

CG
kTkT

TkT
LRGLRG

++
=−++=

+++

++
∫  

 
Analogous reasoning’s might be applied to the operator functions 
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))(,,(),)(,,(),)(,,(
11

)(
11100

tIuUBtIuUBtIUuB CG
k

ICGCGU . 

 
It is easy to verify that if )(),(),(),((

1100
tItutUtu CGCG  are 0T -periodic functions, then  

 

))(,,(),)(,,(),)(,,(),)(,,(
11

)(
11100000 tIuUBtIuUBtIUuBtIUuB CG

k
ICGCGUCG  

 
are 0T -periodic too (on ),[ ∞T ). 
 
Lemma 4.2 is thus proved. 
 
Remark 4.1. We use the inequality 
 

0)1(0
0)1(00)2(0)1(00

)1(
)1()1...)(1(1 TnT

TnTTnTnTTn

ee
n

nee

n

eee

n

e µµ
µµµµµµ

−
−−−

−=−≤+++−=−
. 

 
Lemma 4.3. The periodic problem (4.1) has a solution  
 

IUCGCG MMMMIuUu ×××∈ 101100
),,,(   

 
iff the operator B has a fixed point IUCGCG MMMMIuUu ×××∈ 101100

),,,( , that is, 

 

),,,(
00000

IUuBu CGCG = ))(,,(
00

tIUuBU CGU= , ),,,(
11111

IuUBu CGCG = ))(,,(
11

)( tIuUBI CG
k

I= . 

 
Proof: Let IUCGCG MMMMIuUu ×××∈ 101100

),,,(  be a 0T -periodic solution of (4.1).  

Then, after integration of the first equation, we have ( 0)(
00

=Tu CG ): 

 

∫∫∫
++

+
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++

=⇒=++⇒=
0

0

0

0

0

000

0

000

)1()1(

0 .0)()())1(()()(
TkT

kTT
G

TkT

kTT
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t

kTT
GCG dttUdttUTkTudttUtu  

 

Therefore, ∫
+

=
t

kTT
GCG

k dssUtIUuB
0

000
)(

0 )())(,,( . Analogously we obtain 

∫∫∫
+++

===
t

kTT

t

kTT
CG

k
IG

t

kTT
CG

k
CG

k
U dssIIuUBdssUIuUBdssUtIUuB

00
11

)(
1

0
11

)(
100

)( ,)(),,(,)(),,(,)())(,,(

 
that is, IUCGCG MMMMIuUu ×××∈ 101100

),,,(  is a fixed point of B. 

 
Conversely, let B have a fixed point .),,,( 101100 IUCGCG MMMMIuUu ×××∈  Then 
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Consequently, the components of operator B become: 
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Differentiating the last equalities, we conclude that (4.1) has a 0T -periodic solution. 
Lemma 4.3 is thus proved.  
 
2.5 Lipschitz Estimates for the Right Hand Sides of the Operator 
 
First, we notice that 
 

=




















−+−

∂
∂=

∂
∂

)(
2

)()(

/)(
1),,(

000
0

0

000000000

0000
CG

CGCGCGCG

CGG
uG

Z

tItU

duuCduu

IUuU
vv

 

( ) ;
)

)(

/)(

1
)(

2

)()()(

/)(

1

00

00

0000

00

00

00

0000

0

0
0

0

0
2

0
2

2
0














−+









−

+−
−=

CG

CG

CGCG
CG

CG

CG

CGCG
du

udG

duuCd
uG

Z

tItU

du

uCd

duuCd

v

 

;
/)(

1

2

1
)(

2

)()(

/)(

1),,(

0000

00

0000

000

00
0

0

0

0

0

CGCG
CG

CGCG

CGG

duuCdZ
uG

Z

tItU

duuCdUU

IUuU
−=























−

+−
∂
∂=

∂
∂

vv

 

=





























+−+









+−

−
∂

∂=
∂

∂
)()(

2

)(

2

)(

/
2

)(

2
)(~

2)(),,(
000

0

00
0

0

0
0

00

0000

000 tEtu
tItU

di
Z

tI

Z

tU
Ld

Z

dt

tId

uu

IUuU
CG

CG
CGCG

CG
v

v

vv

00
0

0

0
0

0

/
2

)(

2

)(~

2

CG
di

Z

tI

Z

tU
Ld

Z









+−

= v ; 

 

=





























+−+









+−

−
∂
∂=

∂
∂

)()(
2

)(

2

)(

/
2

)(

2

)(~

2)(),,(
000

0

00
0

0

0
0

00000 tEtu
tItU

di
Z

tI

Z

tU
Ld

Z

dt

tId

UU

IUuU
CG

CG

CG
v

v

vv

 

+







+−+









+−






















+−

−= )()(
2

)(

2

)(2

)(

2

)(~

/
2

)(

2

)(~

1
000

0
2

00

0

0

0
0

2

2

00
0

0

0
0

tEtu
tItU

di

Z

tI

Z

tU
Ld

di
Z

tI

Z

tU
Ld

CG
CG

CG

v

v

v
 



 
 
 
 
 
 
 

British Journal of Mathematics & Computer Science 3(3), 352-389, 2013 
 
 

368 
 

;

/
2

)(

2

)(~
00

0

0

0
0

0

CG
di

Z

tI

Z

tU
Ld

Z









+−

+ v  

 

=




















−+−

∂
∂=

∂
∂

)(
2

)()(

/)(

1),,(
111

0

0

111111111

1101
CG

CGCGCGCG

CGG uG
Z

tItU

duuCduu

IuUU
vv

 

( ) +







−+−−= )(

2

)()()(

/)(

1
111

0

0
2

11

111
2

2

11111

CG
CG

CG

CGCG

uG
Z

tItU

du

uCd

duuCd

v

 ;
)(

/)(

1

11

11

1111

0

1













−+

CG

CG

CGCG du

udG

duuCd
 

 

;
/)(

1

2

1
)(

2

)(

2

)(

/)(

1),,(

1111

11

1111

111

10
1

00

0

1

0

CGCG
CG

CGCG

CGG

duuCdZ
uG

Z

tI

Z

tU

duuCdII

IuUU
=























−+−

∂
∂=

∂
∂

vv

 

 

11
00

0
1

0

11

110

/
2

)(

2

)(~

2),,(

CG
CG

CG

di
Z

tI

Z

tU
Ld

Z

u

IuUI









+−

−=
∂

∂
v

v

; 

 

+







+−+









+−






















+−

=
∂

∂
)()(

2

)(

2

)(2

)(

2

)(~

/
2

)(

2

)(~

1),,(
111

0

11
2

00

0
1

2

2

11
00

0
1

110
tEtu

tItU

di

Z

tI

Z

tU
Ld

di
Z

tI

Z

tU
Ld

I

IuUI
CG

CG

CG

CG
v

v

v

v

.

/
2

)(

2

)(~
11

00

0
1

0

CGdi
Z

tI

Z

tU
Ld

Z











+−

+ v  

 
Since  

( )
( )

( ) p
h h

p

p
h

pp

pCpG

pCpGp
p

h
pp

h
p

pCpGpCpGp

B
h

hc

du

uCd
A

cduuCd
≡

−Φ

+ΦΦ
≤≡














Φ

+Φ
≤

+21
0

2

0

2

2
2

2

0

0

2

2)(
~

,
/)(

~
1

φ

φ

φ

φ
, 

( ) )1,0(,0ˆ)()1(/))((
~

)(
1

)(
0 =>≥+=⇒∞<Ι≤ ∑

=
pLtilnditiLdti p

m

n

np
np

 
we have 



 
 
 
 
 
 
 

British Journal of Mathematics & Computer Science 3(3), 352-389, 2013 
 
 

369 
 

( ) ( ) ;
2

),,(
0)1(1

0
1

)0(
0

0
0

1

)0(

0

000
0

2
0

00

0000 µµ
β

µ −−

==

−

∑∑ +












++≤

∂
∂ nn

G

m

n
n

nn
G

m

n
n

CG

CGG
eUgnAeUg

Z

eJV
eBA

u

IUuU
v

;
2
1),,(

0
0

0000 A
ZU

IUuU CGG ≤
∂

∂
v

 
0

0

00

000
ˆ

2),,(

L

Z

u

IUuU

CG

CG ≤
∂

∂
v

; 

( ) 0

0
00

000

1

1

0

00)0(
2

0

000

ˆ22
)1(

ˆ

1),,(

L

Z
UU

eJV
e

Z

eJV
nln

LU

IUuU
EG

m

n

n

n
CG +













+++













 ++≤
∂

∂ −

=

−−

∑
β

µ
β

v

; 

≤
∂

∂

11

1101
),,(

CG

CGG

u

IuUU
v

( ) ( ) ;
2

0)1(1
1

1

)1(
1

0
1

1

)1(

0

000
1

2
1

µµ
β

µ −−

==

−

∑∑ +









++ nn

G

m

n
n

nn
G

m

n
n eUgnAeUg

Z

JeV
eBA

 
1

011

1101

2

1),,(
A

Zu

IuUU

CG

CGG ≤
∂

∂
v

; 
1

0

11

110

ˆ
2),,(

L

Z

u

IuUI

CG

CG ≤
∂

∂
v

; 

1

000

1

1

0

00)1(
2

0

ˆ22
)1(

ˆ
1)),,((

11

0

1

11

L

Z
UU

JeV
e

Z

JeV
nln

LI

IuUI
EG

m

n

n

n
CG +














++

+












 +
+≤

∂
∂ −

=

−−

∑
β

µ
β

v

. 

 
2.6 Existence-Uniqueness of a Periodic Solution 
 
Here we formulate the main result concerning an existence-uniqueness of the periodic solution to 
the obtained neutral system. 
 
Theorem 6.1. Let the following conditions (L), (E), (IN), (C) and (G) be fulfilled. 
Then there exists a unique T0-periodic solution of (5.1). 
 
Proof: We show that B  maps IU MMMM ××× 10  into itself. Indeed, in view of 
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We use the results from Subsection 2.5. Then 
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In view of the contraction mapping principle, the operator B  has a unique fixed point which is a 
periodic solution to the neutral system. 
Theorem 6.1 is thus proved.  
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For a transmission line with length ,1m=Λ  ,80,45,0 mpFCmHL == µ   
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Let us check the propagation of millimeter waves ( ) m3
0 106/1 −=λ . We have 

( ) 12
00

12
00 10/110/1 −==⇒== fTHzLCf λ . 

 

We choose 1210=µ , then 100 == µµT  and the resistive elements with the following IV −  

characteristics: ( ) 3
10 125,0028,0)( iiiRiR −== 125,0,0,028,0i.e. 321 === ggg  and inductive 

elements with ( ) 3
10 12/13)()( iiiLiL −== . Then  

 

( ) ( ) ( ) ( ) .3/1612/13)4/13()(/)()( 332
000 iiiiiiiLdiidLiiL −=−+−=+=  

 

If we choose 10 =Ι , we obtains ( ) ( ) 3/173/163/16 3 =−>− ii  and consequently 
17

3
ˆ
1

0
=

L
. 

Let us take ( ) ucucuC −ΦΦ=Φ−= 000000 //1/)( , where 2=h , FpFc 11
0 10.550 −==  

and 4,04,0 00 <⇒=Φ φV .  
 



 
 
 
 
 
 
 

British Journal of Mathematics & Computer Science 3(3), 352-389, 2013 
 
 

387 
 

For 2,00 =φ  we have 
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4 Conclusions 
 
We have considered transmission lines neglecting the losses. This makes it possible to find 
conditions for the existence and uniqueness of periodic regimes. This natural physical fact is 
confirmed by the mathematical method we apply.  
 
In contrast to the previous configurations (considered in [10]-[16]), we analyse lossless 
transmission lines terminated by L-loads connected in series to parallel connected GC-loads. The 
derivation of the boundary conditions shows that we are not able to obtain only two equations for 
the two unknown functions – the voltage and the current. That is why, we reduce the boundary 
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conditions to a system of four equations for four unknown functions adding some transitional 
voltages (in [15] transitional currents). The introduced operator acting on suitable function spaces 
has a fixed point which is a periodic solution to the neutral system obtained. 
 
We apply the contractive fixed point theory (cf. [17]). By extended Bielecki metrics, we overcome 
the difficulties caused by polynomial and transcendental nonlinearities. 
 
The numerical example demonstrates a frame of applicability of the theory exposed (for instance, 
to the design of circuits) and shows that the method could be applied checking a system of simple 
inequalities between the basic specific parameter of the lines and loads. We obtain an explicit 
approximated solution with a prescribed accuracy. 
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