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Abstract

Background: Modified SIR models have been effective in simulating the spread of Covid-19 and predicting
various phenomena associated with the pandemic.

Aims: This paper presents a vaccination-socialization model to determine the relative effects of vaccination
and increased socialization among the vaccinated. The objective is to determine whether the disease is spread
more so by the presence of the unvaccinated or by increased social activity among the vaccinated.
Methodology: To accomplish this, the SIR model is modified to include 9 compartments and 3 sub-
populations. The resulting system of differential equations is solved in Matlab’s programming language using
the 4™ order Runge-Kutta method.

Results: The results show that the concept of a safe-zone in which vaccinated persons can increase their
social activity only applies if the vaccine effectiveness is very high.
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Nomenclature

3

Mixing variable — fraction of unvaccinated that mixes with the vaccinated
Fraction of the population that is susceptible
Fraction of the population that is infected
Fraction of the population that has recovered
Time measured in days
: Reproduction number
Vaccination coverage rate or fraction of the population that is vaccinated
Socialization factor that measures how much vaccinated persons increase their social activity above
normal
Coefficient related to the reproduction number
Vaccine effectiveness or the reduced probability of a vaccinated person contracting the virus
Coefficient related to the rate of recovery
,2,3: Subscripts denoting sub-populations (1 = vaccinated, 2,3 = unvaccinated)
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1 Introduction

The susceptible-infected-recovered (SIR) model has been used extensively to model disease propagation. SIR is
a compartmental model that employs a system of differential equations to simulate the transfer of persons
between compartments. Its applications have included the Hong Kong Flu, measles, mumps and rubella,
varicella, cholera and HIV [1]. More recently, the SIR model has been used to model the Covid-19 pandemic.
Quite a few papers have been published using the basic SIR model to estimate disease parameters and to predict
the spread of the virus in various geographic regions [1].

However, there are many aspects of Covid-19 that cannot be captured using the basic SIR model. In order to
obtain a better understanding of transmissible diseases, the model must be modified by adding compartments,
altering the interaction between compartments, and adjusting the system of governing differential equations.
One such modification is the addition of a compartment to account for deaths [2]. Some advanced models are
adaptive in that they consider variable rates of transmission and death, so as to model successive waves of the
pandemic [3,4]. Cooper et al [5] added a variable to adjust the susceptible population so as to account for surges.
Other models considered those who were asymptomatic [6] together with the effect of under-reporting [7]. As
the pandemic progressed, social distancing and other lockdown measures were implemented, which affected the
spread of the virus. The SIR model has been adapted to include the effect of quarantine [8,9], social distancing
[10], and also to study the efficiency of lockdown measures [11,12]. Vaccination models have also been
implemented to study the effectiveness of vaccination campaigns [13].

This paper presents a modified SIR model to study the relative effects of vaccination and social activity. It
specifically aims to investigate which are the dominant factors in the spread of the disease — the presence of the
unvaccinated, increased social activity among the vaccinated, and/or segregation between vaccinated and
unvaccinated. To put it loosely, was the spread of Covid-19 mainly the result of the unvaccinated, or
carelessness on the part of the vaccinated? To avoid fueling conspiracy theories, it is necessary to rephrase that
question in a more mathematical way. For a given vaccine effectiveness and coverage rate, by how much must
vaccinated individuals increase their social activity to result in a spread of the virus comparable to that in which
no one was vaccinated? How much additional socialization is permissible to still maintain herd immunity?
These questions will be answered with the aid of a mathematical model.

2 Model Development

Typically the SIR model consists of 3 compartments that interact with one another — susceptible (S), infected (1)
and recovered (R). The model presented in this paper aims to investigate the effect of partial segregation
between the vaccinated and unvaccinated groups. It proposes 3 subpopulations / groups (1 = vaccinated; 2 and 3
= unvaccinated), each group with its own S, I and R. Thus there are 9 compartments, as shown in Fig. 1.
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Group 1 members interact with groups 1 and 2, but not with group 3. Consequently, group 3 members interact
with groups 2 and 3, but not with group 1. This way there is partial segregation between the vaccinated and
unvaccinated. For a fully mixed population, group 3 is empty, and for a totally segregated population, group 2 is
empty.

The mixing model presented in this paper is derived differently from that of Fisman et al [14], who used an
assortativity factor to determine the social interaction between vaccinated and unvaccinated groups. The present

model divides the unvaccinated into two separate groups — one that mixes with the vaccinated and one that does
not. Another advantage of the method used in this paper is that it allows for increased social activity among the

vaccinated group separately from the other groups.

Fig. 1. Model Schematic — flow of persons between compartments and interaction between the sub-
populations

2.1 Assumptions
The present model makes the following assumptions:

1) The total population is fixed for the period of study i.e. the model ignores births, deaths, migration.
Deaths are not considered because they are not relevant to this study. The emphasis is on the spread of the
disease, not the severity of the infections. The model does not address whether unvaccinated individuals
suffer more severe symptoms.

2) Those recovered cannot become reinfected — at least for the duration of the analysis.

3) The population is assumed to be partially vaccinated prior to the inception of the disease, but no further
vaccination occurs afterward. The reason for this approach is to control as many variables as possible so
as to isolate cause and effect.

4) The model is not interested in the type of vaccine or a comparison of vaccines. It simply characterizes
vaccines by an effectiveness value.

5) Vaccine effectiveness is interpreted to mean a reduced probability of a vaccinated person contracting the
disease. This is in slight contrast to mixing model reported by Fisman et al [14], who modeled
vaccination by creating 2 additional compartments for those who are vaccinated and 100% immune, and
those who are vaccinated and 100% susceptible. In this paper, everyone who is vaccinated has the same
probability of infection. In the event of infection, vaccination status does not alter the probability of an
individual transmitting the disease.

6) Covid-19 variants are not relevant to this study. The model parameters can simply be adjusted
accordingly. The objective is to determine the relative effects of vaccination and social behavior.

2.2 Differential equations

The governing differential equations are derived as follows. V is the vaccination coverage rate or fraction of the
population that belongs to group 1. V; is defined as the fraction of the total population that belongs to group i. A
mixing variable, m is introduced to quantify the level of social interaction between the vaccinated and
unvaccinated. m is essentially the fraction of unvaccinated persons that mixes with vaccinated persons. m = 0
means complete segregation between vaccinated and unvaccinated, while m = 1 means complete and random
mixing. This variable is important because it can be used to measure the effect of vaccinated persons reducing
contact with unvaccinated persons.

V=V @
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V, =(1-m)(1-V) ©)

Suppose an average member of group i has k total contacts per day. If group i randomly mixes with all other
groups, then we can expect this person to have kV; total contacts with persons from group j, of which I;/V; is the
fraction that is infected. Thus the average group i person has Kl; daily interactions with infected person from
group j. If pi is the probability of such an interaction resulting in an infection, and there are Si total susceptible
members in group i, then we can expect p;Sikl; total infections in group i per day from interactions with group j.
We write B instead of pik.

To accomplish the objectives in this paper, there are some additional modifications that are required. Group 1-1
interactions are modified by a factor of 1+a to allow for additional socialization among the vaccinated. All i=1
contacts are further modified by 1-¢ because vaccination decreases the probability of group 1 members
becoming infected. We also need to ensure that groups 1 and 3 do not mix without reducing their total social
contacts.

For the specific case of i = 1 (the vaccinated group), normally there would have been kV; interactions with
group 3, however the present model requires zero interaction between groups 1 and 3. But if vaccinated persons
simply reduce their contacts with unvaccinated persons, then this would result in segregation as well as reduced
socialization, either of which could affect the results, thereby making it impossible to isolate the effective cause.
We must achieve segregation without reduced socialization in order to properly control the variable. Thus in this
model, if vaccinated persons cut contacts with unvaccinated persons, then these contacts must be replaced by
increased contacts with other vaccinated persons. This way, segregation is achieved without decreasing the level
of socialization. Thus a group 1 member has k(V;+V3) interactions with other group 1 members. Group 3
members similarly have no interactions with group 1 members, so these kV1 interactions must be redistributed
among group 2 and 3 in the ratio m:1-m.

Initially, a fractional calculus method similar to Jan et al [15-20] was considered. However, a simpler state-
space method was eventually selected. The final system of differential equations, shown below, is solved in the
Matlab programming language using the Runge-Kutta 4th order method.

(1-¢)S, M+ + M (1-¢)S, 0
e Vv I,
a S,| = -8 S, S, S, I, 4)
S, 0 1o 1oL
] 1-v 7 1-v 7
ERI :
dt 2| = V|1 5)
R3 |3
Il d Sl d R1
— 1, =-—15,|-—|R
dt | ° dt | ° dt | ©
|3 S3 RS

188



Cheddie; J. Adv. Math. Com. Sci., vol. 38, no. 10, pp. 185-197, 2023; Article no.JAMCS.109058

3. Results and Discussion

3.1 Numerical values

This paper uses a base R-naught value of 2.0 [21] and an average recovery time of 7 days [22]. This translates to
B =2/7 and y = 1/7. Note that 7 days need not correspond to the actual duration of the disease, but rather the
period of time during which a person is likely to spread the disease to others.

Further, according to the equation 4, the number of infections is supposed to peak when S drops to 1/R-naught
(50%). However, the curves for most geographic areas peaked long before that. The most likely explanation for
this is that the public began to change its social behavior once they realized the infections were increasing. To
model that change of behavior, the value of B is changed from 0.286 to 0.118 around day 30.

3.2 Validation
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Fig. 2. Model Validation — comparison between simulated results and the actual number of cases during
Italy’s first wave (¢=0, =0, V=0, m=1)

The model is validated by comparing its predictions with the daily infections during Italy’s first wave in 2020.
This data is chosen because it represents a society that was not expecting an outbreak and thus conducting
normal social activity during a pre-vaccination period. The main drawback is that testing was not as widespread
back then, thus the actual number of cases was most likely higher than those reported — 4 to 20 times higher
according to Noh and Danuser [23]. For the validation, this paper multiplies the daily infections at Worldometer
[24] by a factor of 5. Fig. 2 shows the model validation, comparing model predictions with data from Italy’s first
wave. It shows a very good fit during the increasing phase, and a good fit during the declining phase.

Having been calibrated and validated, the model will now be used to make further predictions. For the sections
to follow, the nominal values are for a fully mixed population (no segregation) that is exhibiting normal social
behavior with a 50% effective vaccine and a vaccination coverage rate of 50% (o =0, m=1,e€=0.5, V =0.5).
Unless otherwise stated, those are the values being used.

3.3 Effect of Varying Vaccination Parameters (¢ and V)
Fig. 3 shows the daily infections of both the vaccinated and unvaccinated groups for different values of V and ¢

for a fully mixed population (m = 1). It should be noted that in Fig. 3, the daily infections are normalized for
each sub-population, e.g. 5 daily infections per million unvaccinated persons, etc. For each scenario, the
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normalized number of infections was lower for the vaccinated group than the unvaccinated, as expected. For the
nominal case (¢ = 0.5, V = 0.5), the infections followed the typical bell curve for both the vaccinated and
unvaccinated groups. For a population that is highly vaccinated with a very effective vaccine (¢ = 0.8, V = 0.8),
the daily infections began to decrease immediately indicating that herd immunity was achieved. For this
scenario, the presence of the vaccinated group reduces the spread of the virus even among the unvaccinated.
This is because for this scenario, each person interacts with 4 times as many vaccinated persons as unvaccinated
persons. This increases the rate of spread among the vaccinated, but decreases the rate of spread among the
unvaccinated at a faster rate.
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Fig. 3. Effect of Vaccine Parameters on Each Sub-Population — how vaccine effectiveness and vaccination
coverage affect the spread of the virus (¢=0, m=1)

We can then compare the sensitivity of the rate of infection to € and V. Fig. 3 also shows the results for € = 0.8,
V=0.2and € = 0.2, V = 0.8. Remarkably, the graphs for the total and the unvaccinated are almost identical in
both cases. The significant difference is that the vaccinated infections are much less when the vaccine
effectiveness is high. This is true even if the vaccination coverage is low. In the case of ¢ = 0.8, V = 0.2, each
person interacts with vaccinated and unvaccinated persons in a 1:4 ratio, which explains why the vaccinated
infections increase. However, the peak vaccinated infections are approximately 5 times less than the peak
unvaccinated infections.

Fig. 4 shows the total infections (vaccinated + unvaccinated for a period of one year) vs vaccination coverage
for various values of vaccine effectiveness. As expected, all graphs show an inverse exponential decrease, with
the rate of decay increasing with €. If the vaccine effectiveness is 50%, then 43% of the population needs to be
vaccinated to decrease the total infections by 90% (compared to an unvaccinated population). Similarly 99%
needs to be vaccinated to decrease infections by 99%. If the vaccine is more effective (80%), then the
corresponding vaccination percentages are 27% and 62% to achieve a 90% and 99% reduction respectively. If
the actual vaccine effectiveness is only 20%, then it is impossible to achieve a 90% reduction in infections even
with a fully vaccinated population. Thus it is possible to control the spread of the virus with a vaccine that is
only 50% effective, however this is not the case if the effectiveness is less than 20%.
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Fig. 4. Effect of Vaccination Coverage Rate — how vaccination coverage affect the spread of the virus for
various values of vaccine effectiveness (¢=0, m=1)

Following the theoretical approach of Kermack and McKendrick [25], the virus is considered to be contained if
the rate of recovery exceeds the rate of infection resulting in a negative net rate of infections from t = 0. From
equations 4-6, it can be shown that the required condition for herd immunity is,

1-5V + (1-¢) aV?< % - Ri 7)

0

It is noteworthy that this expression is independent of the mixing fraction, m. For the case where o = 0, we
obtain the required vaccination coverage rate for herd immunity.

1 1
V. = = [1-— 8
: [ RO] ®

For RO = 2, the theoretically required coverage rates for herd immunity using vaccines that are 50% and 80%
effective, are respectively 100% and 62.5%. This matches very closely with the corresponding values predicted
by the present model — 99% and 62% respectively.

3.4 Effect of varying the mixing fraction

In this section, the value of the mixing variable, m is altered to investigate its effect on the rate of infection. It is
important to recall that decreasing m means that vaccinated persons have decreased contact with unvaccinated
persons, but at the same time have replaced those contacts with other vaccinated persons, as discussed earlier.

Fig. 5 shows the effect of varying the mix variable, m. In all of the cases shown, the total infections increase as
mQ0. For most cases, the total infections reach a minimum when m ¢ 1. The exception is when a population is
highly vaccinated with a low effectiveness vaccine (¢ = 0.2, V = 0.8), in which case there is a slight minimum
around m = 0.56, however, this minimum is only 5% lower than the value for m = 1. Generally, we see that total
infections are better controlled when the population is mixed rather than segregated.
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Fig. 5. Effect of Mixing Fraction — how much segregation between the vaccinated and unvaccinated
affects the spread of the virus in the overall population (0=0)

This result may seem counter-intuitive, but there is a logical explanation for it. For a population where the
vaccinated and unvaccinated are completely segregated (m = 0), the virus will spread in each sub-population
independently. It will be quickly contained within the vaccinated group, while the spread in the unvaccinated
group will be the same as an unvaccinated population (Fig. 1). Essentially the total cases will predominantly
consist of the unvaccinated. Thus segregation works out better for the vaccinated group, however the
unvaccinated infections will increase at a significantly greater rate, and thus increase indirect cross-
contamination of vaccinated persons. It is better for the overall population if there is no segregation between the
vaccinated and unvaccinated. This is because segregation hurts the unvaccinated more than it helps the
vaccinated.

We can also use Fig. 5 to compare the low effectiveness / high coverage (¢ = 0.2, V = 0.8) and the high
effectiveness / low coverage (¢ = 0.8, V = 0.2) curves. For m = 1, there is negligible difference between them.
However, as m decreases (increased segregation between vaccinated and unvaccinated), the low effectiveness /
high coverage option results in lower total infections. Thus if there is to be some level of social segregation, it is
better to have a high coverage of a low effectiveness vaccine, than a low coverage of a high effectiveness
vaccine. Having said that, if the coverage rate is high, then segregation becomes meaningless, since only a
minority would be unvaccinated.

3.5 Effect of increased socialization among the vaccinated

Table 1 shows the effect of increasing the social activity among the vaccinated by 50% for various scenarios. In
every case, increasing o has a direct effect of increasing the number of vaccinated infections, as well as an
indirect effect of increasing unvaccinated infections. Note that both groups are indirectly affected by cross
contacts between the groups, while the vaccinated group is further affected by increased social activity. This
would explain why in each case, increasing o results in vaccinated infections increasing at a greater rate than
unvaccinated infections.

The effect of increasing o depends on how effective the vaccine is. If the effectiveness is low (¢ = 0.2), even
with a highly vaccinated population, increasing social activity among the vaccinated proves to be catastrophic.
For moderate effectiveness (¢ = 0.5), increasing social activity by 50% produces a two-fold to three-fold
increase in total infections, even if a high fraction of the population is vaccinated. However, for very effective
vaccines (¢ = 0.8), there is only a small increase in infections when a increases. This is the case even if the
population is not highly vaccinated. Thus the concept of a “safe zone” for the vaccinated only applies if the
vaccine has a high effectiveness. This is true even if the coverage rate is low.
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Table 1. Effect of Increased Socialization on the Spread of the Virus

€ \% o Vaccinated infections per Unvaccinated infections per Total infections per
thousand thousand thousand

02 08 O 3.50 4.37 3.67

02 08 05 682 60.8 66.7

05 05 O 1.03 2.06 1.55

05 05 05 1.83 3.07 2.45

05 08 O 0.360 0.720 0.432

05 08 05 140 2.045 1.53

08 02 O 0.875 4.37 3.67

08 02 05 0908 4.42 3.72

08 08 O 0.0431 0.216 0.0776

08 08 05 0.0688 0.265 0.108

To determine the maximum amount of additional socialization permissible among the vaccinated, the following
theoretical approach can be adopted. The objective is to determine the amount of additional socialization among
the vaccinated in order to produce the same results as if no one was vaccinated. Substituting V = 0 in equation 7,
the left hand side simply becomes 1. For a non-zero vaccine effectiveness and coverage rate, the critical amount
of additional socialization that produces the same left hand side is,

o e 1 ©
¢ l-¢ V

For example, if the vaccine is 50% effective and half the population is vaccinated, and if each
vaccinated person doubles their social interactions with other vaccinated persons, then this would exactly
negate the benefits of vaccination. If the vaccine effectiveness is high, this would give vaccinated persons
a high amount of leeway to increase their socialization. We can also see that increasing the coverage
rate does not have the same effect. This may seem counter-intuitive, but this is because for low values of V,
both the vaccinated and unvaccinated groups would suffer from a high degree of cross-contamination. Thus,
vaccine effectiveness is a much more critical factor than vaccination coverage in determining how much
additional socialization is permissible. The concept of a safe-zone only applies if the vaccine effectiveness is
very high.

We can also determine the critical amount of additional socialization required to maintain herd immunity.
Assuming that the coverage rate is above the herd immunity value required by equation 8, the value of a that
maintains the inequality of equation 7 is,

%0— (1-¢V)

N RS RVE

(10)

Consider the example of a population that has a coverage rate of 80% with an 80% effective vaccine. This
coverage rate exceeds the minimum required value of 62.5%. The critical socialization values according to
equations 9 and 10 are o=5 to produce the same transmission rate as if no one was vaccinated, and 0=1.09 to
keep the virus contained. Fig. 6 illustrates these results. For € = 0.8 and V = 0.8, the net rate of infections is
always negative for a=0 and a=1, but initially positive for 0=2.
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Fig. 6. Effect of Increased Socialization — the effect of increased socialization on herd immunity (m=1, ¢ =
0.8, V=0.8)

3.6 Effect on a highly vaccinated population

Fig. 7 shows the daily infections for various vaccine effectiveness values for a population with a high coverage
rate (V = 0.9). A vaccine that is 50% effective is sufficient to contain infections in a 90% vaccinated population.
Even a vaccine that is only 10% effective can reduce infections to less than half of those in a totally
unvaccinated population — Fig. 2 vs Fig. 7.

Yet, it is notable that with the omicron surge, populations that were heavily vaccinated reported infections far
surpassing those of the first wave. The possible reasons for this are low actual vaccine effectiveness, increased
social activity, and/or greater transmissibility of the variant compared to the original strain. These results may
suggest that the Covid-19 vaccines were less than 10% effective against the omicron variant. In such a case,
increasing social activity among the vaccinated in so-called safe zones even by as little as 11% can produce
results comparable to a totally unvaccinated population.
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Fig. 7. Effect of Vaccine Effectiveness on a Highly Vaccinated Population (¢=0, V=0.9, m=1)
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4. Conclusion

The modified vaccination-socialization SIR model presented in this paper was calibrated and validated using the
data from Italy’s first wave in 2020. The model was then used to determine the effect of varying the vaccine
effectiveness, vaccination coverage, the level of mixing between vaccinated and unvaccinated individuals, and
the level of socialization among the vaccinated. These are highly controversial issues that have spawned various
conspiracy theories. However, this paper sought to remove the bias by phrasing the question in a mathematical
way. By how much must vaccinated persons increase their social activity to achieve the same spread of the
disease as if no one was vaccinated?

The results show that segregation of vaccinated and unvaccinated persons is always a bad thing for the overall
population. Also, increased socialization among the vaccinated was only a good idea if the vaccine effectiveness
was very high. For a population that is 80% vaccinated with an 80% effective vaccine, vaccinated persons can
increase their social activity by 109% and still keep the virus contained. But if they increase it 5-fold, they
would negate the benefits of vaccination.

Vaccine effectiveness was found to be more crucial than vaccination coverage rate. Further, the results
generated in this model suggest that the actual effectiveness of the available vaccines might have been less than
10% against the omicron variant. Perhaps these results might inform policy decisions in any future pandemics.
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