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Abstract

In this paper, some basic mathematical operation for the second Zagreb indices of graph
containing the join and strong product of graph operation, and the first and second Zagreb
indices of complement graph operations such as cartesian product G1 X G2, composition G o G2,
disjunction G4V G2, symmetric difference G1 ® G2, join G1 4+ G2, tensor product G ® Ga,
and strong product G * G2 will be explained. The results are applied to molecular graph of
nanotorus and titania nanotubes.
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1 Introduction

Topological indices are widely used to determine the correlation between the specific properties of
molecules and the biological activity with their configuration in the study of quantitative structure-
activity relationships (QSARs). In the field of computational chemistry interest in topological
indices which capture the structural essence of compounds has been increasing for poresent time.
The interest in topological indices is mainly related to their use in quantitative nonempirical
structure-property relationships and quantitative structure-activity relationships [1]. The well-known
Zagreb indices introduced in [2],[3] are among the most important topological indices. The first and
second Zagreb indices M; and Ma, respectively, are defined for a molecular graph G as:

MG = Y 6P = Y Bo) +5c), MG = Y bo(w)ic),

veV(GQ) uveE(G) uwveE(G)

The first and second Zagreb coindices have been introduced by A.R. Ashrafi, T. Doslic, and A.
Hamzeh in 2010 [4]. They are respectively defined as:

Mi(@) = ) [Bew)+oc), MAG)= 3 ba(w)ic(v),

uwvg E(G) uwwg E(G)

Throughout this paper, we consider a finite connected graph G that has no loops or multiple edges
with vertex and edge sets V(G), and E(G), respectively. For a graph G, the degree of a vertex
u is the number of edges incident to u, denoted by dg(u). The complement of G, denoted by G
, is a simple graph on the same set of vertices V(G) in which two vertices u and v are adjacent,
i.e., connected by an edge uwv, if and only if they are not adjacent in G. Hence, uv € E(G), if and
only if uwv ¢ E(G). Obviously E(G) U E(G) = E(K,), and m = |E(G)| = (}) — m, the degree of
a vertex u in G, is the number of edges incident to u, denoted by dz(u) = n — 1 — dg(u), [5],[6].
Then, M. Khalifeh et al.[3] and K. Kiruthika [7] computed the first and second Zagreb indices
of Cartesian product G1 x G2, composition G1 o G2, disjunction G1 V G2, symmetric difference
G1® G2, join G1 + G2, tensor product G1 ® G2, and strong product G1 * G2 of two graphs. Here we
continue this line of research by exploring the behavior of the second Zagreb indices under several
important operations such as join and strong product, and studding some basic mathematical
operation for the first and second Zagreb indices of complement graphs such as cartesian product
G1 x G, composition Gy o G, disjunction G V G2, symmetric difference G1 @ G2, join G1 + Ga,
tensor product G1 ® G2, and strong product Gi1 * G2 of two graphs. The results are applied to
molecular graph of nanotorus and titania nanotubes. In recent years, there has been considerable
interest in general problems of determining topological indices and them operations [8],[9],[10].

2 Preliminaries

In this section we give some basic and preliminary concepts which we shall use later.

Lemma 2.1:[11] Let G; and G2 be two connected graphs with |V(G1)| = n1, |[V(G2)| = n2,
|E(G1)| = m1, and |E(G2)| = ma, then

L |V(G1 x Ga)| = [V(G1V Gz)| = [V(G10Ga)| = |V(G1®Ga)| = |V(G1* G2)| =
[V(G1® G2)| =ning, |V(G1+ G2)| =n1+ n2,

2. |E(G1 X G2)| = mingz + nimaz, ‘E(Gl * Gg)‘ =min2 + nima + 2mimsa ,
IE(Gl + G2)| = mi + mz + ninz, |E(G1 o G2)| =mina® + mani,

|E(G1 Vv G2)| = m1n22 —+ m2n12 — 2m1m2, |E(G1 4 G2)| = 2'{77,1777,27
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|E(Gl (&) G2)| = m1n22 =+ m2n12 — 4dmims.

3. 5G1*G2 (uv U) = 6G1 (u) + 5G2 (U) + 6G1 (u)6G2 (1})7
da,(a)+n2  a€V(G)

4. 4 =
G1+62(a) da,(a) +ma a € V(G2)

Proposition 2.2:[4] Let G be a simple graph on n vertices and m edges, then

M (G) = M1(G)+2(n—1)(—m) = n(n—1)2—4m(n—1)+M1(G), M1(G) = 2(n—1)m—M:1(G).
My(G) = (n — )My (G) + M2(G) —m(n —1)%, Ma(G) = 2m*> — Ma(G) — %Ml(G).

Theorem 2.3:[7] Let G1, G2 be two simple graphs with n1, ns vertices and m1, ms edges, respectively,
then

Mi(G1+G2) = M1(G1)+Mi1(G2)+nin3+noni+4dmina+4mony, Mi(G1®G2) = Mi(G1)M1(Gs).

Theorem 2.4:[3] Let G1, G2 be two simple graphs with ni, ns vertices and mi, ms edges, respectively,
then.

Mi(G1 x G2) = naM1(G1) + ni M1 (G2) + 8mimea,
M1 (G1 0 Ge) = n3M1(G1) + niMi(Gz) + 8namamy,
M1(G1 Vv Gz) = (nlng — 4m2n2)M1(G1) + Ml(GQ)Ml (G1) + (’I’LG? — 4m1n1)M1 (Gg)
+  8mimanine,

Mi(G1®G2) = (ninj — 8mana)Mi(G1) + 4Mi(G1) M1 (Ge) + (neni — 8mini) My (Gz)

+ 8mimanine.

Theorem 2.5:[7] Let G1, G2 be two simple graphs with n1, ns vertices and m1, ms edges, respectively,
then

Mz(Gl X Gg) = 2M2(G1)M2(G2).
Theorem 2.6:[3] Let G1, G2 be two simple graphs with n1, ns vertices and m1, ms edges, respectively,
then
M5(G1 x G2) = 3maM1(Gh) + 3m1 M1 (G2) + niM2(G2) + naMa(Gh),
M2(G1 0Ga) = n%Mg(Gl) + nlMQ(GQ) + 3n%m2M1(G1) + 2nami M1 (G2) + 4771177’1,%,

MQ(Gl Vv Gz) = ((n% — 2m1)2 — 2n§m1)Mg(G2) + ((ng — 2m2)2 — 2n§m2)MQ(G1)
+ (Qn%ngrm — 4m%n2)M1 (Gz) —+ (27137117712 — 4m§n1)M1 (Gl)
— n1n2M1 (Gz)Ml (G1) + 2”2M2(G1)M1(G2) + 2n1M2(G2)M1(G1)
— 2M3(G2)M2(Gh) + 4m2m1(n§m1 + n%mg),

M2(G1 (&) Gz) = ((n% — 2m1)2 — 4n%m1)M2(G2) + ((n% — 2m2)2 — 4n§m2)M2(G1)

+ (271%71277’11 — Sm%ng)Ml (Gz) =+ (2n§n1m2 — 8m§n1)M1(G1)
— innle(GQ)M1 (Gl) + 8n2M2(G1)M1 (Gz) + 8n1M2(G2)M1 (G1)
— 16M> (GQ)MQ(Gl) + 4dmom (ngml +4 n?mg)
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3 Main Results

In this section, we study the second Zagreb index of join and strong product of two graphs and
the first and second Zagreb index of various complement graph binary operations such as cartesian
product, composition, disjunction, symmetric difference, join, tensor product and strong product,

of two simple connected graphs. We use the notation V(G;) for the vertex set, E(G;), E(G;) for

the edge set, n; for the number of vertices and m;, m; for the number of edges of the graph G;, G;
respectively. All graphs here offer are simple graphs.

Proposition 3.1: Let G be a simple graph on n vertices and m edges, then
— 1 3
M>(G) = §n(n ~1)°+ (n— §)M1 (G) +2m® — Mu(G) — 3m(n — 1)%
Proof. By using Proposition 2.2, and since m = (;) — m, then

My(G) = nn—17>%—4mn—1)°+ (n— 1M (G) +2m> — Ma(G) — %MI(G)

- ((Z) —m)(n - 1)*

— =1 +(n- g)Ml(G) +om? — Mu(G) — (%n(n —1) 4 3m)(n — 1)?

- %n(n 1P 4 (n— g)M1(G) +2m? — My(G) — 3m(n —1)°.
Tensor product

The tensor product G1 ® G2, of two simple and connected graphs G;1 and G2 is the graph with
vertex set V(G1) X V(G2) and E(G1 @ G2) = (u1, u2)(v1,v2)|uive € E(G1) and ugve € E(G2) .

Theorem 3.2: Let G1, G2 be two simple connected graphs with n1,ns vertices and m1, ms edges,
respectively, then

Ml(Gl ® GQ) = TL177,2(7L177,2 — 1)2 — 8m1m2(n1n2 — 1) + Ml(Gl)Ml(Gz)
Proof. From Proposition 2.2. we have Mi(G) = n(n — 1)? — 4m(n — 1) + M1(G), and since

Mi(G1 ® G2) = M1(G1)M1(G2), given in Theorem 2.3. and |E(G1 ® G2)| = 2mima, |V(G1®
G2)| = ning given in Lemma 2.1. then

Mi(G1 ® Go) V(G @ G2)|([V(Gh @ G2)| — 1)°
4|E(Gr @ G2)|([V(G1 ® G2)| — 1) + M1 (G1 ® Ga)

= n1n2(n1n2 — 1)2 — 8m1m2(n1n2 — 1) + Ml(Gl)M1(G2).

Theorem 3.3: Let G1, G2 be two simple connected graphs with ni,ns vertices and mi, mo edges,
respectively, then

- 1 3
MQ(Gl ® G2) = §n1n2(n1n2 - 1)3 + (n1n2 — §)M1(G1)M1(G2)

+ Smfmg — 2M2(Gl)Mg(G2) — 6m1m2(n1n2 — 1)2.

Proof. From Proposition 3.1. we have M2(G) = in(n — 1)° + (n — 3)M1(G) + 2m* — M2(G) —
3m(n — 1)?, and since M1 (G1 ® G2) = M1(G1)M1(G2), M2(G1 ® Ge) = 2M2(G1) M2(Gs2), given in
Theorem 2.3 and Theorem 2.5 respectively, and |E(G1 ® G2)| = 2mime, |V(G1 ® G2)| = nine
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given in Lemma 2.1. Then.

MGBTH) = V(G ®G)|(V(G ®Ga)| — 1P+ (V(Gr © Ga)| — 2)Mi(Gr )
+ 2lE(G1 ® G2)|> — Ma(G1 ® G2) — 3|E(G1 @ G2)|(|V(G1 ® Ga)| — 1)°
- %nlnz(nlnz “1)* 4 (mana — g)Ml(Gl)Ml(Gg)
+  8mims — 2Ms(G1)Ma(G2) — 6mima(ning — 1)%.
Join

The join Gi1 + G2, of two simple and connected graphs Gi1 and G is a graph with vertex set
V(G1 + G2) = V(G1) UV(G2) and edge set E(G1) U E(G1) U{uv|u € V(G1),v € V(G2)}.

Theorem 3.4: Let G1, G2 be two simple connected graphs with n1,ns vertices and m1, ms edges,
respectively, then

Mi(G1i+G2) = (n1+n2)(ni+ns— 1)2 — 8(m1 + ma + nin2)(n1 + ne — 1) + M1(Gh)
+  Mi(G2) + nins + nani + dming + dman,.

Proof. From Proposition 2.2. we have M1(G) = n(n — 1)® — 4m(n — 1) + M:1(G), and since
My (G1 + G2) = M1(G1) + M1(G2) + nin3 + nan? + dming + dmany, given in Theorem 2.3. and
|E(G1 + G2)| =mi1 +ma +ning, |V(G1+ G2)| = n1 + n2 given in Lemma 2.1. Then.

Mi(G1+G2) = |V(G1+G2)|(\V(G1+G2)|—1)2

— 4 E(G1+ G2)|(JV(G1 + G2)| — 1) + M1 (G1 + G2)
(n1 4+ n2)(n1 + n2 — 1)2 — 8(m1 + ma + ning)(n1 + ne — 1) + M1(Gh)
+  Mi(G2) +n1ns + nani + dming + dmon,.

Theorem 3.5: Let G1, G2 be two graphs with n1, ng vertices and mq, ms edges, respectively, then

My(Gi1+ G2) = Mz(Gl)+M2(G2)+N2M1(G1)+n1M1(G2)+n§m1 + nims

2 2
+  dmima + 2mining + 2monani + nins.

Proof. By Definitions of the second Zagreb index, join G1 + G2 and by Lemma 2.1. we have

M(G1+Gs) = DR N (DL ITEN ()
uwwEE(G1+G2)

= Z 0c1 4G (W)de, +c, (V) + Z 61 +G2 ()06, +G5 (V)

uveE(G1) uveEE(G2)
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+ Z Z 0cy 16, (u)da,+ay (V)

uweV(G1)veV(Ga)

= D (b (u) +n2)(be () +n2)+ D (s (u) + 1) (b, (v) + )

uwveE(G1) uwveE(G2)

+ Y Y (06, () + ) (6as (v) + 1)

ueV(G1) veV(Ga)

= > [66,(u)dc, (v) + n2de, (u) + n2de, (v) + n3)
wweE(G1)

+ Z [0, (w)da, (v) + n1da, (u) + nide, (v) + ’I’L%]
uveE(G2)

+ Z Z [6G1 (u)6G2 (U) + n15G1 (u) + n25G2 (U) + n1n2]
ueV(G1) veV(Ga)
= MQ(Gl)-f—TlQMl(Gl)-f—ngml +M2(G2)+n1M1(G2)+n%m2

2 2
+  4dmime + 2mining 4+ 2meononi + nins.

Theorem 3.6: Let G1, G2 be two simple connected graphs with n1,ns vertices and m1, ms edges,
respectively, then

1 3
MQ(G1 + GQ) 7n1n2(n1n2 - 1)3 + (nlnz - 5)[M1(G1) + M, (Gz) + TL17’L§

2
nani + 4ming + 4mani] + 2[m1 + ma + nina)® — [Ma(G1) + Ma(G2)

naMi(G1) + ni M1 (G2) + nimi + n2ma + dmims + 2mining
2

+ o+

2monani + n%ng] —3(m1 + ma + ninz)(ninas — 1)

Proof. From Proposition 3.1. we have M2(G) = $n(n—1)*+(n—2)M1(G)+2m” — M2(G)—3m(n—
1)27 and since M1(G1+G2) = M1(G1)+ M1(G2) +n1n3+non? +4ming +4maony, given in Theorem
2.3. M2(G1+G2) = Ma(G1)+M2(G2)+n2Mi(G1)+n1 Mi(G2)+n3mi+nime+4dmima+2minina+
2manani+ninj, given in Theorem 3.5. and |E(G14+G2)| = mi+ma+ning, |V(G1+G2)| = ni+ns

given in Lemma 2.1. Then.

MG FC) = V(G +Gl(V(G +Ga)l = 1" + V(G + Ga)| ~ )Ma(Gr + G)
2|E(G1 + G2)|> — M2(G1 + G2) — 3|E(G1 + G2)|(|V(G1 + Go)| —1)?

+

1 3
§(n1 +n2)(n1 +ng — 1)3 + (n1+n2— 5)[M1(G1) + M1 (G2) + ninj

noni + 4ming + dmoni] + 2[m1 + ma + n1ﬂ2}2 — [M2(Gh) + M2(G2)

na M1 (G1) + niM1(G2) + nami + nima + dmime + 2mining
2

+ o+ +

2manany + nfng] —3(m1 +m2 +nin2)(n1 +n2 — 1)

Strong product

The strong product G1 * G2, of two simple and connected graphs G and G» is a graph with vertex
set V(G1 x G2) = V(G1) x V(G2) and any two vertices ((u1,v1) and ((u2,v2) are adjacent if and
only if{ UL = Uz € V(G1) and v1v2 € E(GQ) } or { V1 =2 € V(GQ) and uiu2 € E(Gl) }

Proposition 3.7:[12] Let G1, G2 be two simple connected graphs with n1,na vertices and m1, ms
edges, respectively, then

Ml(Gl * Gz) = (77,2 + 6TI'L2)M1(G1) —+ 8m2m1 + (6m1 —+ TL1)M1 (GQ) —+ 2M1 (Gl)Ml(GQ)
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Theorem 3.8: Let G1, G2 be two simple connected graphs with n1,ns vertices and m1, ms edges,
respectively, then

M1(G1 * Gg) = nlnz(nlng — 1)2 — 4[m1n2 + nimo + 2m1m2](n1n2 — 1)
+  (n2 + 6ma)Mi(G1) + 8mama + (6ma + n1) M1 (G2) + 2M:1(G1) M1 (Ga).

Proof. From Proposition 2.2. we have M;(G) = n(n — 1)® — 4m(n — 1) + M1 (G), and since
Mi(G1 * G2) = (n2 + 6m2)M1(G1) + 8mami + (6m1 + n1)Mi(G2) + 2M1(G1) M1 (G2), given in
Proposition 3.7. and |E(G1 * G2)| = minz + nima + 2mimz, |V(G1 * G2)| = nina given in
Lemma 2.1. then

M, (Gh x G2)
= [V(G1*Ga)|([V(Gr*Ga)| - 1)°
— AE(G1* G)|(|[V(G1 * G2)| — 1) + M1(G1 * G2)
= nina(ning — 1)2 — 4[minz + nima + 2mime|(ning — 1)
+  (n2 + 6ma)Mi(G1) + 8mama + (6ma + n1)M1(G2) + 2M1(G1) M1 (Ga).

Theorem 3.9: Let G1, G2 be two simple connected graphs with n1,ns vertices and m1, ms edges,
respectively, then

My(G1xG2) = (n2+5ma2)M2(G1) + (n1 4+ 5mi1) Ma2(G2) + 3maM1(G1) + 3miMi1(G2)
+  3Mi(G1)M1(G2) + 2M:1(G2) M2(G1) + 2M1(G1) M2(G2) + M2(G1)M2(G2).

Proof. By Definitions of the second Zagreb index, strong product G * G2 and by Lemma 2.1.

M2(G1+G2) = Z [6c1+G2(a;€) + dGyxay (b, d)]
(a,c)(b,d)eE(G1%G2)

= > Y (e (@) + b6y (e) + dc, (a)dc. (€)) (86, (b) + by (d) + 8c, ()36, ()]

abeE(G1) c=deV (Ga)

+ Z Z 6G1 + 6G2( ) + ¢y (a)6G2 (C))((SGl (b) +dc, (d) +da, (b)5G2 (d))]

a=beV (G1) cde E(G2)

+ > > [(661(a) + da, () + 664 (@)da, (¢)) (664 (b) + da, (d) + dcy (b)da, (d))]

abEE(G1) cdeEE(G3)

= Z Z [6c, (a)dc, (b) + da, (a)da, (d) + da, (a)da, (b)da, (d)

abeE(G1) c=deV (Ga)
+  06,(c)da, (b) + da,(c)da, (d) + da, (c)da, (b)da, (d) + da, (a)das, (¢)da, (b)
+ 06:(a)d65(0)86, (d) + d6: (a)da, (c)da, (b)das (d)]

+ Z Z [6G1 )0, (b) + 0, (a)dc, (d) + dc, (a)de, (b)da, (d)

a=beV (G1) cdeEE(G2)
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5G2 (0)601 (b) + 5G2 (C)5G2 (d) + 5G2 (C)6G1 (b)5G2 (d) + 6G1 (a)5G2 (c)6G1 (b)
6G1 ( )6G2( )5G2( ) + 6G1 ( )5G2 (C)6G1 (b)(SGz (d)}

Z Z [6c, (a)dc, (b) + ba, (a)da, (d) + day (a)da, (b)da, (d)

abeEE(G1) cdeE(G2)
3G, (c)dG, (b) 4 G, (c)da, (d) + 0G4 (€)da, (b)dg, (d) + da, (a)da, (), (b)
5G1( )6G2( )602(d) +6G1( )6G2( )6G1( )502( )}
(n2 + 4ma) M2(G1) + 2ma M1 (G1) + mi M1 (G2) + Mi(G2)M1(Gh1)
M2 (G1)M1(G2) + (n1 + 4m1)M2(G2) + 2m1 M1 (G2) + me M1 (G1)
)
)

+ o+

+ +

Mi(G1)Mi1(G2) + M2(G2)M1(G1) + maM2(G1) + M1(G1)M1(G2
m1Ma(Gz) + Mi(G1)M2(G2) + M1(G2)M2(G1) + M2(G1)M2(Ga

(n2 + 5m2)M2(G1) + (n1 + 5m1) M2 (G2) + 3ma M1 (G1) + 3mi M1 (Gs)

+  3Mi(G1)Mi(G2) 4+ 2M1(G2) M2(Gh) + 2M1(G1) M2(G2) + M2(G1) M2 (G2).

+ o+ +

Theorem 3.10: Let G1, G2 be two simple connected graphs with ni, ns vertices and m1, m2 edges,
respectively, then

SN 1 3
M2(G1 * Gz) = 5%1712(711712 - 1)3 + (n1n2 — 5)[(’”2 + 67TL2)M1 (Gl) + 8mam;
+  (6my1 + n1)Mi(G2) + 2M1(G1) M1 (G2)] + 2[mina + nima + 2m1m2]2
—  [(n2 + 5m2)M2(G1) + (n1 4 5m1) M2(G2) + 3ma M1 (G1) + 3mi M1 (G2)
+  3M1(G1)Mi1(G2) + 2M1(G2)M2(G1) + 2M1(G1) M2(G2) + M2(G1)M2(G2)]
— 3(m1n2 + nime + 2m1m2)(n1n2 — 1)2.
Proof. From Proposition 3.1. we have M2(G) = in(n—1)+(n—3) M1 (G)+2m* — M2(G)—3m(n—
1)2, and since Ml(Gl *Gg) = (TLQ +6m2)M1(G1)+8m2m1 —+ (6m1 +7’L1)M1(G2)+2M1(G1)M1 (Gz),
given in Proposition 3.7. M2(G1 * G2) = (n2 + 5m2)Ma2(G1) + (n1 + 5m1) M2(G2) + 3ma M1 (G1) +
3m My (Gz) + 3M1(G1)M1 (Gz) + 2M1(G2)M2(G1) + 2M,4 (Gl)Mg(Gg) =+ MQ(Gl)MQ(GQ), given in

Theorem 3.9. and |E(G1 * G2)| = mina + nima + 2mima, |V(G1 * G2)| = nin2 given in Lemma
2.1. Then.
- 1
My(Gi+G2) = S|V(GixGo)|(|V(GrxGa)| - 1)® + ([V(G1 % Gs)| — *)Ml(Gl * G2)

+  2|E(G1 % Ga)|> — Ma(G1 % Ga) — 3|E(Gy % Go)|(|V(G1 * Ga)| — 1)?

1 3
= 5711712(711712 — 1)3 =+ (n1n2 — 5)[(’&2 —+ 6m2)M1 (Gl) + 8maoma

+  (6my1 + n1)Mi(G2) + 2M1(G1) M1 (G2)] + 2[mina + nima + 2m1m2]2
—  [(n2 + 5m2)Ma(G1) + (n1 + 5mi1)M2(G2) + 3ma M1 (G1) + 3mi M1 (G2)
+  3Mi(G1)Mi(G2) 4+ 2M1(G2)M2(G1) + 2M1(G1) M2 (G2) + M2(G1)M2(G2)]
—  3(minz +nima + 2mime)(ning — 1)2.
Cartesian product
The Cartesian product G1 X G2, of two simple and connected graphs GG1 and G2 has the vertex
setV(G1 x G2) = V(G1) x V(G2) and (a,z)(b,y) is an edge of G1 x G2 if a = b and zy € E(G2),
or ab € E(G1) and z = y.

Theorem 3.11: Let G1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,
respectively, then

M1(G1 X Gg) = nlnz(nlnz — 1)2 — 4(m1n2 + nlmz)(n1n2 — 1) + TL2M1(G1)
+ nlMl(GQ) + 8mima.
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Proof. From Proposition 2.2. we have Mi(G) = n(n — 1)? — 4m(n — 1) + M1(G), and since
Mi(G1 x G2) = naM1(G1) + n1M1(G2) + 8mima, given in Theorem 2.4. and |E(G1 x G2)| =
minz +nime, |V(G1 X G2)| = ninsz given in Lemma 2.1. Then.

[V(Gi x Go)|(IV(Gr x G2)| —1)°
— 4|E(G1 X G2)|(|V(G1 X G2)| — 1) —+ M1(G1 X Gz)
= nminz(nming —1)° — 4(ming + nims)(ning — 1) 4+ na My (G1)

+ niMi(G2) + 8mimo.

M1(G1 X Gz)

Theorem 3.12: Let GG1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,
respectively, then

_ 1 . 3
MQ(G1 X Gz) = 5711712(71177@ — 1)5 —+ (Tllnz — 5)[712M1(G1) + nlMl(Gz) + 8m1m2]

+ 2[m1n2 —+ nlmgf — [3m2M1(G1) + 37TI1M1(G2) =+ TllMQ(Gz) + TIQMQ(Gl)]
— 3(771177,2 + nlmz)(nlng — 1)2.

Proof. From Proposition 3.1. we have M2(G) = in(n—1)+(n—32) M1 (G)+2m* — M2(G)—3m(n—
1)2, and since M1(G1 X Gz) = TL2M1(G1) =4 7’L1M1(G2) + 8m1m2, Mz(Gl X Gz) = 3m2M1(G1) —+
3mi1Mi1(G2) + n1M2(G2) + naM2(G1), given in Theorem 2.4. and Theorem 2.6. respectively, and
|E(G1 X G2)| = maina +nime, |V(G1 X G2)| = ninz given in Lemma 2.1. Then.

MaGIXGa) = SIV(Gx G)l(V(Gr % Ga)l = 1)° + (IV(Gh x Ga)| — 2)Ma(Gi X Ga)
+  2|E(G1 x G2)]* — Ma(G1 x Ga) — 3|E(G1 x G2)|(|[V(G1 x G2)| —1)*
_ %nlng(nlnz —1)® + (nna — g)[nng(Gl) + 1My (Ga) + 8mams)
+  2[minz +nima)® — [3m2Mi1(G1) + 3mi M1(Gz2) + n1 M2(Gz) + n2M2(G1)]
—  3(min2 + nimsa)(ning — 1)%
Composition

The composition G o G2, of two simple and connected graphs G1 and G2 with disjoint vertex sets
V(G1) and V(G2) and edge sets E(G1) and E(G2) is the graph with vertex set V(G1) x V(G2) and
u = (u1,v1) is adjacent with v = (ug,v2) whenever (u; is adjacent with uz) or {u1 = us and v; is
adjacent with va}.

Theorem 3.13: Let G1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,
respectively, then

Ml(G1 o Gz) = nlng(nlng — 1)2 — 4(m1n22 =+ m2n1)(n1n2 — 1) —+ Tlng(G1)
+ niMi(G2) + 8namami.

Proof. From Proposition 2.2. we have M1(G) = n(n — 1)® — 4m(n — 1) + M1(G), and since
Mi(G1o0Gs) = n%Ml(GH) + n1M1(G2) 4+ 8namama, given in Theorem 2.4. and |E(G1 o G2)| =
mine? + moni, |V (G1 0 G2)| = ning given in Lemma 2.1. Then.

M (G1oGz) = |V(G10Ga)|(|V(G1oGa)| —1)?
— AE(G10oG)[(|V(G10G2)| —1) + Mi(G10G2)
= nlnz(nlnz — 1)2 — 4(m1n22 -+ m2n1)(n1n2 — 1) -+ nng(Gl)

+ niMi(Gz) + 8namami.
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Theorem 3.14: Let G1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,
respectively, then

— 1 3
MQ(Gl o Gg) = inng(nﬂzz — 1)3 + (n1n2 — 5)[77,3M1(G1) —+ 'nlMl(GQ) —+ 8n2m2m1]

+  2[maina® + mani)?® — [nsMa(Gh) + niMa(Ga) + 3nima M (G1)
+ 27127711M1(G2) + 4m1m§] — 3(77747122 + m2n1)(n1n2 — 1)2.

Proof. From Proposition 3.1. we have M2(G) = in(n — 1)° 4+ (n — 2)M1(G) + 2m* — M2(G) —
3m(n — 1)2, and since M;(G10G2) = nng(Gl) + n1Mi(G2) + 8namama,

M3(G10G2) = n%Mg(Gl)+n1M2(G2)+3n§m2M1 (Gl)—|—2n2m1M1(Gg)—|—4m1m§7 given in Theorem
2.4. and Theorem 2.6. respectively, and |E(G1 o G2)| = min2? + mana,

|V (G1 0 G2)| = ninz given in Lemma 2.1. Then.

MaGioGa) = 3IV(GioG)|(V(GroGa)l ~1)° + (IV(Gi o Ga)| — 5)Mi(GroGa)
2|E(G10G2)|* — Ma(G1 0 Ga) — 3|E(G1 0 G2)|(|V(G1 0 Ga)| — 1)°

+

1 3
5”1712(711712 - 1)3 + (anZQ - 5)[H3M1(G1) + 'nlMl(GQ) + 8n2m2m1]

2[77117122 —+ 77’L277,1]2 — [n§M2(G1) —+ nle(Gz) —+ 3n§m2M1(G1)

27127711M1(G2) + 4m1m§] — 3(77747122 + m2n1)(n1n2 — 1)2.

+ +

Disjunction
The disjunction G1 V G2 of graphs G and G2 is the graph with vertex set V(G1) x V(G2) and
(u1,v1) is adjacent with (us2,v2), whenever (u1,u2) € E(G1) or (vi,v2) € E(G2).

Theorem 3.15: Let G1, G2 be two simple connected graphs with n1, ne vertices and mi, mo edges,
respectively, then

Ml(G1 Vv Gg) = n1n2(n1n2 — 1)2 — 4(m1n22 + mgn12 — 2m1m2)(n1n2 — 1)
+ (n1n§ —4m2n2)M1(G’1) +M1(Gz)M1(G1)

+ (nzn? — 4m1n1)M1(G2) + 8mimanins.

Proof. From Proposition 2.2. we have Mi(G) = n(n — 1)? — 4m(n — 1) + M1(G), and since
My (G1 \/Gz) = (mn% —4m2n2)M1 (G1) —+ M, (GQ)Ml (G1) + (TLQTL% —4m1n1)M1 (Gg) +8mi1imanine
given in Theorem 2.4. and |E(G1 V G2)| = mine? + mani? — 2mims,

|[V(G1V G2)| = ning given in Lemma 2.1. Then.

Ml(G1\/G2) = ‘V(Gl\/G2)|(|V(G1\/Gz)|—1)2—4|E(G1 \/G2)|(|V(G1\/G2)‘ —1)
Ml(Gl \/Gg)

nlng(nlng — 1)2 — 4(m1n22 =+ 171217,12 — 2m1m2)(n1n2 — 1)

(nlng — dmaon2) M1 (G1) + M1 (G2) M1 (G1)

(ngn% — 4m1n1)M1 (Gz) + 8m1m2n1n2.

—+

+ +
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Theorem 3.16: Let GG1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,

respectively, then

M2(G1 \/Gg) =

+
—+

1 3
§n1n2(n1n2 — 1)3 + (ning — 5)[(”1713 — dmong) M1 (G1) + M1 (G2)M1(Gh)

(nzn% — 4mani) M1 (G2) + 8mimaning] + 2[m1n22 + mani’ — 2m1m2]2
[((n] = 2m1)® = 2nim1) M2(G2) + ((n3 — 2ma)® — 2n3ma) M2(G1)
(2ninamy — 4ming)Mi(Ga) + 2n1 Ma(Ga) My (G1) — 2Ma2(Ga) Ma(Gr)
2no Mo (G1) M1 (G2) + (2n§n1m2 — 4m§n1)M1 (G1) — nina M1 (G2) M1 (G1)

4m2m1(n§m1 + nfmg)] — 3[m1n22 + mani? — 2mama](ning — 1)2.

Proof. From Proposition 3.1.

M>(G) = in(n — 1)+ (n — M(G) + 2m? — M»(G) — 3m(n — 1), and by Theorem 2.4. and

2

Theorem 2.6. respectively, we have

Ml(G1 Vv Gz)

MQ(G1 \Y Gz)

= (nlng — 4m2n2)M1(G1) + Ml(Gz)Ml (Gl) =+ (TLQTI% — 4m1n1)M1 (Gg)

+  8mimanine,

= ((nf —2m1)* — 2n3m1) Ma(G2) + ((n3 — 2ma)* — 2n3ma2) M2(G1)
+ (Qn%n2m1 — 4m%n2)M1 (G2) + (annlmg — 4m§n1)M1 (Gh)

—  ninaMi(Ga)Mi(G1) + 2n2 Ma(G1) M1 (G2) + 2n1 M2 (G2) M1 (G1)
—  2My(G2)Ma2(G1) + 4mamy (na3my + nims),

and since |E(G1 V G2)| = mina? + mani? — 2mima, |[V(G1V G2)| = nins given in Lemma 2.1.

Then.
MQ(G1 vV Gz) =
+
+
+
+
+

%‘V(Ch V G2)|(J[V(Gy V Ga)| — 1)3 + (JV(G1V Ga)| — S)Ml(Gl V Ga)
2|E(G1 V G2)|> — Ma(G1V G2) — 3|E(G1 V G2)|([V(G1 V G2)| — 1)°
%nlnz(nlng — 1)3 + (nlnz — g)[(nlng — 4m2n2)M1(G1) + M, (Gz)Ml(Gl)

(ngnf — 4myn1) M1 (G2) + 8mimaning] + 2[m1n22 + maoni’ — 2mlmg]2
[((n} — 2m1)? — 2nim. ) M2(Ga2) + ((n5 — 2m2)? — 2n3ma) Ma(G1)
(Qn%nzml — 4m%n2)M1 (G2) + 2n1 M2(G2)M1(G1) — 2M2(G2) M2(G1)
2n9 Mz (G1) M1 (Gz) + (2n3n1ma — 4m3ny )My (G1) — nina My (G2) M (Gh)

4m2m1(n§m1 + n%mg)] — 3[m1n22 + mani? — 2mima](ning — 1)2.

Symmetric difference

The symmetric difference G1 & G2, of two simple and connected graphs GGi and G2 is the graph
with vertex set V(G1) x V(G2) and E(G1 @ G2) = (u1,uz2)(vi,v2)|uivy € E(G1) or ugvs € E(G2)

but not both.

Theorem 3.17: Let G1, G2 be two simple connected graphs with n1, ne vertices and m1, mo edges,

respectively, then

Mi(G1 & G2)

-

= nina(ning — 1)2 — 4(m1n22 + mang? — dmimz)(ning — 1)

(nlng - 8m2n2)M1(G1) +4M, (Gl)Ml(Gz) + (ngn% - 8m1n1)M1(G2)

8m1 maning.
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Proof. From Proposition 2.2. we have Mi(G) = n(n — 1)? — 4m(n — 1) + M1(G), and since
Mi1(G1@G2) = (ninj —8mana) M1(G1) +4M1(G1) M1 (Ge) + (n2nf —8mini ) M1 (G2) +8mimanina,

given in Theorem 2.4.
in Lemma 2.1. Then.

Mi(G1 @ G2)

Jr

Jr
—+

Theorem 3.18: Let
respectively, then

M2 (G1 @ Gs)

+ 4+ + + 4

+ 4m2m1(n§m1 + nfmz)] — 3[m1n22 + mang? — 4mimsa](ning — 1)

and |E(G1 ® G2)| = mina® +mani® —dmima, |V(G1® G2)| = ning given

V(Gr @ Go)|(IV(Gr @ Go)| — 1) — 4|E(G1 @ Go)|(|V(G1 @ Ga)| — 1)
Mi(G1 & G2)

ninz(ning — 1)2 — 4(m1n22 + mang? — dmamz)(ning — 1)

(n1n3 — 8mang) My (G1) + 4My (G1) M1 (G2) + (nant — 8mini )M (Gs)

8m1m2n1n2.

G1, G2 be two simple connected graphs with ni, ns vertices and m1, mo edges,

1 3
5’”1712(71177,2 — 1)3 =+ (TL177,2 — 5)[(71,1’”3 — 87712712)M1(G1)

AM;(G1)M1(G2) + (n2ni — 8mini) Mi(Gz) + 8mimanins]
2[mina® + mani® — dmims]® — [((n] — 2m1)* — 4nimi) M2(G2)
((ng — 27712)2 — 4n§m2)M2(G1) + (Qn%ngml — 8mfn2)M1 (G2)
(2n3n1ma — 8m3n1)Mi(G1) — 2n1ne My (G2) M (G1)

8no Mo (G1)M1(G2) + 8n1 Ma(G2) M1 (G1) — 16 M2 (G2) M2 (Gh)

2

Proof. From Proposition 3.1.

Mz(G) = tn(n—1)° + (n— 3)M1(G) + 2m*> — Ma(G) — 3m(n — 1)?,

2

and by Theorem 2.4. and Theorem 2.6. respectively, we have

Mi(G1®G2) =

(nlng — 8m2n2)M1(G1) —+ 4M1 (Gl)M1(G2) + (ngn% — 8m1n1)M1(G2)

+  8mimoninsg.

M(G1 & G2)

= ((nf —2m1)* — 4nim1) M2(G2) + ((n3 — 2ma2)* — 4nma) M2(Gh)
+ (2n%n2m1 — Sm%ng)Ml (G2) + (2n§n1m2 - 8m§n1)M1(G1)

—  2n1na My (G2) M1 (G1) + 8na M2 (Gh) My (Ge) + 8ny M2 (G2) M1 (Gh)
—  16M2(G2)Ma2(G1) + dmamy (nam1 + nims).

and since |E(G1 & G2)| = mina? + mani? — dmimea, |[V(G1 ® G2)| = nin2 given in Lemma 2.1.

Then.

My(G1®G2) =

+

+ o+ o+

%|V(G1 @ G)|(|V(G1 & Ga)| — 1)3 + ([V(G1 ® G2)| — g)M1(G1 ® Ga)
2|E(G1 @ G2)|> — Ma(G1 ® G2) — 3|E(G1 @ G2)|(|[V(G1 ® G2)| — 1)°

1 3
5711712(’01712 — 1)3 =+ (77,17’L2 — 5)[(’”1713 — 8m2n2)M1 (Gl)

4M1(G1)M1(G2) + (ngnf — 8mini)M1(G2) + 8mimanins)
2[mang® + mani® — 4mims]® — [(ni — 2m1)® — 4nimi) Ma(Gz)
((ng — 2mg)2 — 4n§m2)M2(G1) + (2n%n2m1 — Sm?nz)Ml(Gg)
(Qngmmz — 8m3n1)M1(G1) — 2n1na My (G2) M1 (G1)
8noMa(G1)M1(G2) + 8n1 M2 (G2) M1 (G1) — 16 M2(G2) M2 (Gh)

4m2m1(n§m1 + nfmg)] — 3[m1n22 + maoni? — dmima](nine — 1)2.
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4 Application

In this section, first and second Zagreb index have been investigated for complement titania 7502
nanotubes and molecular graph of nanotorus.

Corollary 4.1: The first and second Zagreb index of complement 7Oz [n, m| nanotube Fig. 1. is
given by
a. Mi(TiOz[n,m]) = 2n(6mn + 6n — 1)[18mn(m + 1) 4+ 18n — 23m — 19] + 4n(19m + 12),

b. M2 (T'LOQ [n, m])

= 3n(m+1)(6mn + 6n — 1)° + 4n(6mn + 6n — g)(19m +12)
+  4n(5m 4 4)[(10mn + 8n) — 3(6mn + 6n — 1)%] — 2n(65m + 31).

Top image

Across image

Fig. 1. The molecular graph of T:Oz[n,m] nanotube

Proof. Proving item (a) by Proposition 2.2 we have

Mi(G) =n(n—1)° —4m(n — 1) + Mi(G),

and since M;(TiO2[n,m]) = 76mn + 48n, and the partitions of the vertex set and edge set
S|V (TiOz[n,m])| = 6mn+6n, > |E(TiO2|n, m])| = 10mn + 8n of titania nanotubes are given in
(13, 14]. Then

M1 (TZOQ [n7 m])

Z|V Ti02[n, m]) Z|V TiOz[n, m])| — 1)
— 4 |E(TiO2[n,m))|(>_ |V (TiOz[n, m))| — 1) + M (TiOx[n, m])
= 2n(6mn + 6n — 1)[18mn(m + 1) + 18n — 23m — 19] + 4n(19m + 12).

Proving item(b) by Proposition 3.1 we have

M3(G) = in(n—1)*> + (n — 3)M1(G) + 2m* — M2(G) — 3m(n — 1), and since M1 (TiOz2[n, m]) =
76mn + 48n, M2(TiOz[n,m]) = 130mn + 62n and the partitions of the vertex set and
edge set Y|V (TiOz[n,m])| = 6mn + 6n, > |E(TiO2[n,m])| = 10mn + 8n of titania nanotubes
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are given in [14]. Hence

MyTiOslmm]) = 3 3 IV(TiOsln, m))|(Y IV (TiOsln, m])| - 1)°
(3 WV (Ti0aln, m])| — 5)My(TiOz[n, m])
203" |B(TiOs [, m)I* = M(TiOxfn, m)

— 33 BTiOs[n,m) (3 |V(TiOaln, m))| - 1)°

1
i(ﬁmn + 6n)(6mn + 6n — 1) + (6mn + 6n — g)(76mn + 48n)

+  2[10mn + 8n]* — 130mn — 62n — 3(10mn + 8n)(6mn + 6n — 1)*
= 3n(m+1)(6mn + 6n — 1) + 4n(6mn + 6n — g)(19m+ 12)
+  4n(5m + 4)[(10mn + 8n) — 3(6mn + 6n — 1)°] — 2n(65m + 31).

Corollary 4.2: Let T'=T[p, q] be the molecular graph of a nanotorus such that |V (T)| = pq,
|E(T)| = $pq, Fig. 2. Then:

a. Mi(T[p,q]) = pqalp°q® — 8pq + 16].

b. Mi(P, X T) = pq[n’p*q® — 12n°pq + 4npq + 36n — 22].

1 11 27
c. Ma(Tlp,q]) = pal5(pa — 1)*(pa — %) + 5 pa = 27].
_ 1 3 3 5 2 1
d. My(P,xT)= pq[in(npq —1)° 4 (npg — 5)(25n —18) + 2pq(§n —-1)" - 5(125n —124)

=350~ 1)(npg — 1)%].

Proof. Proving item (a) by Proposition 2.2 we have M1(G) = n(n — 1)> — 4m(n — 1) + M1 (G),
and since M1 (T") = 9pq given in [3]. Then

Mi(T[p, q)) VDIV(T)] = 1)* = 4|ED)|(IV(T)] — 1) + M (T)

3
= pq(pg —1)* - 4§pq(pq —1) + 9pg

palp*q® — 8pq + 16).

Proving item (b) by [3] Mi(P, x T) = pq(25n — 18), and by using Lemma 2.1. |E(P, x T)| =
pq(gn —1), |V(Pn x T)| = npq, and by using Proposition 2.2. we get

Mi(Pn xT) V(P x T)|(|V(Pn x T)| = 1)° = 4|E(Pn x T)|(|V (Pn x T)| — 1) + My (P, x T)

5
= npq(npg —1)° — 4pg(=n — 1)(npq — 1) + pqg(25n — 18)

2
= pq[n3qu2 — 12n°pq + 4npq + 36n — 22].
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Proving item (c) by Proposition 3.1. we have M>(G) = in(n—1)>+(n—2)M1(G)+2m* — M2(G) —
3m(n — 1)2, and since M, (T) = 9pq, M2(T) = Zpq given in [3]. Then

M(T'[p, q])

2

3 M (T) + 2 B(T)|? — Ma(T)

V@IV - 1* + (VD) - 5

=3|E(T)|(|V(T)| - 1)

1 3 3 27 3

§pq(pq —1)* + 9pq(pq — 5) + 2[§pr]2 — 5 Pa- 3§pq(pq —1)°
1 11, 27

pal5 (g — 1) (pa — ) + Spg — 27).

Proving item (d) by [3] M1(P, x T') = pq(25n — 18), M2(P, x T') = %pq(125n —124), and by using
Lemma 2.1. |[E(P, x T)| = pq(3n —1), |[V(P, x T)| = npq, and by using Proposition 3.1. we get

M, (P, x T)

OS2
\.""?5‘?0"’.’4"
SN

|~ AP, x T)

21E(Py x T)|? = My(P, x T) — 3|E(Pn x T)|(|V (P, x T)| — 1)°

%IV(Pn X T|(IV(Pa x T)| = 1)* + ([V(Pa x T)

1 3 5
pal5n(npg —1)° + (npq — 5)(25n — 18) + 2pg(5n — 1)

%(12571 —124) — S(gn —1)(npg — 1)°].

ﬂ\\_"“ y

700558

/“

> ‘)‘\b/‘
SeVeS ==

Fig. 2. Molecular graph of a nanotorus

5 Conclusion

We studied the second Zagreb index of join and strong product of two graphs and the first and
second Zagreb index of various complement graph binary operations such as Cartesian product,
composition, disjunction, symmetric difference, join, tensor product and strong product, of two
simple connected graphs. Moreover we calculated the first and second-Zagreb index of molecular
complement graph of nanotorus and titania nanotubes T%Oz[n, m].
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