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Abstract

In this paper, we study strong and weak convergence results of a two step iterative process
with errors for a pair of asymptotically non-expansive mapping in the intermediate sense.Our
results generalize the corresponding results due to Hou and Du [4] by taking the class of
asymptotically non-expansive mapping in the intermediate sense.We have also studied weak and
strong convergence results under specific conditions.
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1 Introduction and Preliminaries

Let C be a non empty subset of a Banach space E, and let T : C' — C be a mapping. Then T is
said to be non-expansive [1] i f

| Tz —Ty ||<||z—vy |, for all z,y € C.
In 1972, Geobel and Kirk [2] introduced the class of asymptotically non-expansive mappings as:

A self mapping T is said to be asymptotically non-expansive if there exists a sequence {k,} C [1, c0)
with k, — 1 as n — oo such that

| Tz —T"y [|[<knl|z—yl, foralln>1and z,y € C.

Clearly the class of asymptotically non-expansive includes the class of non-expansive mappings as
a proper subclass.

In 1993, Bruck, Kuczumov and Reich [3] introduced the class of asymptotically non-expansive in
the intermediate sense as:

A self mapping T is said to be asymptotically non-expansive in the intermediate sense provided T'
is uniformly continuous and satisfies the following inequality:

limsupn—oo (|| T"2 = T"y || = ||z =y [|) <0, for all z,y € C.

If we take &, = max{0, supz yec(|| Tz —T"y || — ||z —v )},
then &, — 0 as n — co. Hence, we obtain

| Ttz —T "y |<|| z —y || +&n, for alln > 1, z,y € C.

It follows that asymptotically non-expansive mappings in the intermediate sense is more general
than that of the asymptotically non-expansive mappings.

Example 1.1. Let X = R be a normed linear space and h € (0,1). For each x € X, we define
hx
_ ) Fifr#0
T(z) = { 0,if x=0.
Then

1T =Ty ||= 45 llz —y 1<l = — y [I, for all z,y € X,n € N.

on

Then T s an asymptotically non-expansive mapping with the constant sequence 1. Now
limsupp—oo(|| T"x =T y || — [z =y ||)

— limsupnsoc {2 |2 =y || = | 2=y ||} <O.

because limp—ooh™ =0 for all x,y € Hyn € N. Hence T is asymptotically non-expansive mapping
in the intermediate sense.

In this paper we shall consider the following iterative scheme with error given by Hou and Du [4],
For zp € C,

Tn = anTp—1 + b,/LT”yn + cnST,Lmn + Enlin,
Yn = ApTn-1 + by&n + ¢, S"Tn—1 + d, T xn + €, 0n(1.1)
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where {an} {b 1 {cn} {en} {an} {b}, {en}, {d}, {en} are sequences in [0, 1] with an + b, +cn +
en=1,a,+by+cn+d,+e, =1,and T, S : C — C are both non-linear mappings and {un}, {vn} €
C.

Now we recall the following concepts:

A mapping T with domain D(T) and range R(T) is said to be demiclosed at a point p € E if
whenever {z,} is a sequence in D(T) such that {z,} converges weakly to z € D(T) and {Tz,}
converges strongly to p, then Tz = p.

A mapping T is said to be semicompact if for any sequence {z,}nz; in C such that lim,— oo ||
zn — Ty ||= 0, there exists a subsequence {zn;} of {x,} such that {x,,} converges strongly to
some u € C.

A Banach space E is said to satisfy Opial’ s condition [5] if whenever {z,} is a sequence in £ which
converges weakly to x, then

liminfnoo || Tn — 2 [|< liminfonooo || @n —y ||, for all y € B,y # .

Let C be a s/ubset of a Banach space E. Two mappings S,T : C — C are said to satisfy condition
condition (A )[6]ifthereexistsanon — decreasing function f: [0, co) — [0,00) with f(0) =0, f(r) >
0 for all r € (0, 00) such that

sllz =Tz ||+ ||z —Sz|) > f(d(z, F))

for all x € C where d(z, F) =inf{||z —z" || : 2 € F(T) N F(S)}.

Lemma 1.2. [7]Let { an} and {bn} be two sequences of monnegative real numbers satisfying
an+1 < an + by, for allm > 1.

1. 4f 3000 bn < 00, then limnpooan exists.
2. 4f Y07 bn < 00, and {an} has a subsequence converging to zero, then limn_ccan = 0.
Lemma 1.3. [I1] Let E be a uniformly convex Banach space satisfying Opial’s condition and let

C be a non-empty closed convex subset of E. Let T : C — C be a non-expansive mapping. Then
(I —T) is demiclosed with respect to zero.

Lemma 1.4. [8] Let E be a uniformly convex Banach space and 0 < p < t, < q < 1 for all positive
integers n.Also suppose that {x,} and {yn} are two sequences of E such that limsupp—c || zn ||<
limsupn—oo || Yn |I< @, and limsupn—soo || tnn + (1 — tn)yn ||= «, holds for some a > 0. Then
limnson || Zn — g 1= 0

2 Main Results

Lemma 2.1. Let H be a non-empty convex subset of a uniformly conver Banach space X and let
T, T : H— H be asymptotically non-expansive mappings in the intermediate sense. Let {xn} be
the sequence defined by (1.1) with the following conditions:

1. an = 0,e, —>O,a;—>0,b;—>0,e;—>0, as n — oo;
2. b, CnyCoydy € [6,1 — 6] for some § € (0,1);
3. ¢, d, < B for some B € (0,1).
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If F = F(Th) N F(Tz) # ¢, then we have

1. limnsoo||zn — pl| exists for allp € F and {zn}, {TT'zn}, {130} are all bounded.

2. limnsoo||Tn — TT'xn|| = 0 = limn—oo||Tn — T3 Tn ||

Proof. For any p € F we have

| —pl

Now

IN 4+ IAN I

+

|y —p |

| antn—1+ 0T "Yyn + cnS"Tn + enn —p ||

| an(zn—1 —p) + bu(T"yn — p) + cn(S"xn — p) + enltn —p) |
an || @a-1 = p || +ba || T"yn —p || +¢a || S"2n —p ||

en || un —p |

an | @a-1 = p || +ba || yn = | +bnkp +ca || 20 —p |

Cnbn +en || un —p || (2.1)

’ ’ ’ ’ ’
= || an®n-1 +bpzn + ¢, S"Tn1 + d,T" 20 + €qvn — p ||

< ap @ —pll +by | 2n —p | +en | "1 —p |
+ | T 0 —pll +en || va—p |

< ap @t =Pl Hby | 20 —p | +cn | Taos —p |

+ Cnbn @ —p | Hdnbn+en | v —p |

< o+ cnl | Znoy —p | +on +du] | 20 —p || +cnén

+ dubntenllon—p| (2:2)

Now from (2.1) and (2.2) we have

[ zn —p|

<

N+ + IN + +

+ +

an || zn1 = p || +balan +by] [| 201 —p |

balbn + do] || @n = || +bncnbnn + budn + bney || vn —p ||
bubn + cnén +cn || @n —p || +en | un —p |

[an + bn(an + b)) || Tnet = p || +bn(by +dn) || 20 —p |

en | @0 —p |l +en | un —p |l +bnen | vn —p |

bt + budnbn + bun + b ]

[an + ba(an +bn) | 21 = p | +lon(by +d) +cal [| 20 —p |
en || tn —p || +bnen | vn —p |

[brcnbn + budno + buén + cabn](2.3)

From equation (2.2) and (2.3) we conclude that

[z —p < Zn-1—p | (24)

and hence by lemma (1.2), lim,—oo || zn — p || exists for all p € F.

Also {z,} is bounded and so {Sz,} and {Tx,} are both bounded and hence {S"z,} and {T"z,}

are also bounded.

Now suppose that limn—oo || n — p ||= B for some 8 > 0.

By inequalities (2.4) and (2.3) we have,
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From the iterative process (1.1), we have

[zn—pll = [0a[T"yn —p+ an(zn1 — S"zn) + en(un — S"sn)]
+ (1=b0)[S"Tn —p+ an(Tn-1 — S"xn) + en(un — S"s,)](2.6)

Since an — 0,{zn}, {S"zn} and {T"z,} are bounded. It follows from lemma (1.4) that,
iMoo || T"Yn — S™xn ||= 0(2.7)
Now by inequality (2.1) and (2.4) we have,
[zn—pll < anll@Zna—pll+bnl[yn —pll +enllzn —p
+enllun—p | +baks + ents
(1=ca) [@n =pll =an | Za-1 = p || —en | tn =P || =buén = can <ba llyn —p|
Taking liminf on both sides in the above inequality we have
B < liminfosco || yn — p [|< limsupp—oo || yn —p |< B
which yields limn—oo || yn — p ||= 5(2.8).
Also
lye =2l = [l eal(S"2n1 =p) + an(@n-1 = T"n) + e (vn — T 20)]
+ (= )T @01 = p) + ap(@n—1 — T"x0) + en (v — T"z0)]
Since a,, — 0, e, — 0, {zn},{S"zn} and {T"z,} are bounded.
It follows from lemma (1.4) that,
limn—oo || S"@n—1 — T"zx ||= 0(2.9)
Now by iteration scheme (1.1) we have,
[2n =T "yn | = anl|@n1 =T yn || +ecn || S"zn =T yn ||
+ enllun =T yn |
Since an — 0,e, — 00 as n — oo and using the inequality (2.9), the above inequality becomes
limn—soo || Tn — T yn ||= 0 (2.10)
From inequalities (2.7) and (2.10) we can write,

[ 2n =S"2n | < [l@n =T"yn ||+ [ T"yn — 5"z ||
—  Oasn — 00.(2.11)

Also

!’ ! ! / !
lvn —xn |l = | @an®no1+bpZTn + S "Tn_1 +d, T Ty, + €yvn — Tn ||

| antn—1+ (1= ap, =y — €0)Tn + S " Tn1

+ d;lTnxn + e;vn —zn ||
< an | o1 —an || +en || S" @01 — @ |
t o dy | T — @ || +en || vn — 20 || (2.12)
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Now
lan =T "z || < @0 —S"zn ||+ | 820 = T"yn || + | T yn — T"an ||
< N@n = 8" ||+ 1| 8 20 — T | + | Yn — a || +€,
< Nan =S an ||+ || S"xn — T yn |
< ap w1 = || e | S znn — |
+ dy | T 2 — 2 || +ep || va — 2 || +€,

As a, — 0, e — 0,5; — 0, as n — oo and using (2.7),(2.11), (2.10) in the above inequality we
have

limn—soo || Tn — Ty [|=0

This completes the proof. O

Theorem 2.2. Let E be a uniformly convex Banach space and C be a non-empty bounded subset
of it. Let S,T : E — E be two asymptotically non-expansive mappings in the intermediate sense
and {z,} be the sequence defined by the iterative procedure (1.1).If FF = F(T) N F(S) # ¢ and if
one of the mapping S and T is semi compact then {x,} converges strongly to a common fized point
of S and T.

Proof. Since one of the S and T is semi compact so by definition there exists a subsequence {yn; }
of {x,} such that such that such that such that {y,,} converges strongly to v.C' is closed hence
v € C. Now continuity of S and T implies that

| S"yn; —S™v ||= 0 and
| T"yn; —T™y || 0 as n; — oo
Now from lemma (2.1)

| Ty —~v ||I=0=| Tv —+ ||= 0. Similarly || Sy —~ ||= 0. Hence v € F. Also lemma (2.1) yields
that limn—oo || n — p || exists for all v € F. Therefore {x, } must itself converge to v € F. This
completes the proof. O

Theorem 2.3. et E be a uniformly conver Banach space and C be a non-empty bounded subset
of it. Let S,T : E — E be two asymptotically non-expansive mappings in the intermediate sense
and {x,} be the sequence defined by the iterative procedure (1.1).If F = F(T) N F(S) # ¢ and if

mappings S and T satisfy the condition A’ then {zn} converges strongly to a common fized point
of S and T.

Proof. From lemma (2.1) limp— oo || n — p || exists for all p € F.Let limn— oo || zn — p ||= 8.
If 8 = 0 then the result holds obviously.So let 8 > 0. Now by lemma (2.1)

liMnooo || Zn = T"Zn ||= 0 =limnsoo || n — S"n ||
Now by equation (2.4)
| Zn —p ISl 21 —p |l
and hence
infoer || Tn —p |< infper || 2n1 —p ||

= d(zn, F) < d(zpn-1, F)
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Hence from lemma (1.2) lim,—c0d(xn, F) exists.Now by condition A limn— oo f(d(zn,p)) = 0 for
all p € F.

Now we take a subsequence {x,;} of {x,} and {y;} C F' such that
| &n; —y; <277
Next we claim that {y;} is a cauchy sequence in F. Now
lyier—will < Ny —an; [+ [ 2n; =y |l

< 2774277
2*j+1

which shows that {y;} is a cauchy sequence and hence convergent. Let y; — y € F. Again by
lemma (2.1) limn— o0 || n — y ||= 0. Hence z, — y € F. This completes the proof. O

Theorem 2.4. Let E be a uniformly conver Banach space satisfying Opial’s condition ans C be
its non-empty convex subset. Let S,T : C — C be two asymptotically non-expansive mappings in
the intermediate sense and {xn} be the sequence defined by the iterative procedure (1.1).If F =
F(T)NF(S) # ¢ then {zn} converges weakly to a common fized point of S and T

Proof. By lemma (2.1) lim,—ood(xn, p) exists for p € F. Since every bounded subset of a uniformly
convex space is weakly compact hence there exists a subsequence {z, j} of the bounded sequence
{zn} such that {z,,} converges weakly to a point § € C.Now from lemma (2.1)

limy,; — 0o I T"Tpn; — Tn; =0

By lemma (1.3), (I — T) is demiclosed and hence q € F(T'). By the similar arguments 8 € F(S).
Hence g € F(T) N F(S).

Uniqueness: Let if possible there exists a subsequence {zn,} of the sequence {x,} such that {xn,}
converges to point 8* € C. Now by the above arguments we have 8* € F(T) N F(S). By lemma
(2.1) limn—soo || Zn — B || and limp— oo || zn — 8" || exists.

Since E satisfies Opial condition, therefore
limp;—eco || @n; — B IS limn;—oo || 2n; — 7 || (2.13)
limp;—eco || Zn; — B |< limn, oo || Ty — B ] (2.14)
By (2.13) and (2.14) we have 8 = *.

Hence {z,} converges weakly to a common fixed point of S and T'. O

3 Conclusion

The class of mapping used in this article is more general than that of non-expansive and asymptotically
non-expansive mappings. Therefore the fixed point results derived by us are generalization of the
previous results given in the existing literature.
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