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ABSTRACT. In this paper, we consider initial boundary value problem of
the generalized Boussinesq equation with nonlinear interior source and
boundary absorptive terms. We establish both the existence of the solution
and a general decay of the energy functions under some restrictions on the
initial data. We also prove a blow-up result for solutions with positive and
negative initial energy respectively.
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1. Introduction

In this paper, we consider the following initial boundary value problem for the
generalized Boussinesq equation with a nonlinear Neumann condition
ur — Auy — Au+ |[u|7 2wy = f(u),
u=0,x €Ty,
% +g(u) =0,z € Ty,
u(z,0) = uo(z),z € Q,

(1)

where u = u(t,z)(t > 0,2 € ), A denotes the Laplacian operator with respect
to the = variable, € is a bounded open subset of R™(n > 1) of class O, 92 =
Ty UTy,mes(Ty) > 0, To NIy = 0, and % denotes the unit outer normal
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derivative, ¢ > 2 is a positive constant, and the initial datum wug is a given
function with the compatibility boundary condition ug = 0 on I’y and f(s) and
g(s) are continuous functions. For sake of simplicity , in this paper, we consider
f(s) = alu|P~u, g(s) = blu|*"tu, where p > 1,k > 1 and a = b= 1.

Problem (l) was derived in [I]. This problem describes an electric breakdown
in crystalline semiconductors with allowance for the linear dissipation of bound-
and free-charge sources [II, 2 B], where the nonlinear Neumman boundary con-
dition on the boundary of the semiconductor was introduced. According to the
authors’ knowledge, there are few works on the study of problem (Il). Korpusov
and Sveshnikov [4] and Makarov [5] proved a local theorem on the existence of
solutions to the following problem

ur — Aup — Au+ (|u|Bu); = |u]|®u,
U 4 ultu =0,z € 00 =T, (2)
u(z,0) = up(z),z € Q

by using the Galerkin method combined with the compactness method. By using
the method of energy inequalities [6] [7], they also obtained sufficient conditions
for the blow-up of solutions in a finite time interval and established upper and
lower bounds for the blow-up time, provided the initial data satisfies

1 1 1

1 q3+1 a+1
>c —|Vuo|* + =—|uo|®T?|de + =—— uo| T2dx},
> erl [ (51900 + Lo 2 + 2 [ gl )

where c; is a positive constant depending on ¢1, g2, ¢3. In this paper, we consider
both the existence of the solution and a general decay of the energy functions
under some restrictions on the initial data. We also study blow-up condition of
the solutions with positive and negative initial energy respectively.

Before we state and prove our results, let us recall some works related to the
problem we address.

In the absence of the nonlinear diffusion term |u|9"2u; and g(u) = 0, problem
(@) can be reduced to the following classical problem

up — Aug — Au = f(u),
%:O, oru=0, r €, (3)
u(z,0) = uo(z),z € Q,

The first equation in probem(3) can be called Sobolev type equation, Sobolev-
Galpern type equation, pseudo-parabolic equation, or the Benjamin Bona Ma-
hony Burgers’ (BBM-Burgers) equation (for example, see [I [3] [ [@]. It also
appears as a nonclassical diffusion equation in fluid mechanics, solid mechanics
and heat conduction theory, for instance, see [I0] and references therein. It’s
well known that problem (@) has been studied by many authors. A powerful
technique to treat problem (B]) is the so called ”potential well method”, which
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was established by Payne and Sattinger [I1] and Sattinger [12], and then im-
proved by Liu and Zhao [13] by introducing a family of potential wells. Recently,
there are some interesting results about the global existence and blow-up of so-
lutions for problem (@) with f(u) = «? in [I4] where a family of potential wells
is introduced to prove global existence, nonexistence and asymptotic behavior of
solutions with low initial energy, while for high initial energy, finite time blow-
up of solutions is acquired by comparison principle. For other related works, we
refer the readers to [1 2, (3, [6] [7, [8, [0, 16, 15l 17, 18, 19, 20, 21| 22| 23] 24]
and the references therein. The obtained results show that global existence and
nonexistence depend roughly on p, the degree of nonlinearity in f, the dimension
n, and the size of the initial data.

The equation in problem (Il) with Dirichlet boundary condition (i.e. g(u) = 0)
has also been studied by many authors[Il, 2, [3, [16] 25, 26, 27 28]. Korpusov
and Sveshnikov et al [T 2, [3] 16, 25| 26] gave the local strong solution and
sufficient close-to-necessary conditions for the blow-up of solutions with negative
initial energy using the energy approach developed by Levine [6]. Furthermore,
they also considered two different abstract Cauchy problems for equations of
Sobolev type. Zhang et al [27] 28] showed the exponential growth and blow-up
of solutions with negative or positive initial energy by constructing differential
inequality. We also refer to [29] [30] BT [32] 33] 34}, B5] for related results.

For the following parabolic equation with a nonlinear boundary condition or
dynamic boundary condition

up — Au = f(u),
u=0,z €y, (4)
% = _Q(ut) —i—g(u),x € F17

u(z,0) = up(x),x € Q,

local well-posedness, global existence and blow-up results for the solutions have
also been widely studied. For example, Levine and Smith[36] and Vitillaro
[37, B8] studied local and global existence and nonexistence of the solutions
to problem (@) by potential well theory. Also, we would like to mention the
classical global existence and nonexistence results in[39, 40, 41} 42]. For prob-
lem @) with @ = 0, as that in [43], if we interpret u as a heat distribution in
the body 2, and assume that u > 0 for the moment, noting that for ranges
in which —f is positive we have ”absorption” of heat, while when —f is neg-
ative we have ”sources” of heat. The same holds for —g: when —g is positive
we have a flow of heat through the boundary of € that extracts heat from the
body, while in the opposite case, heat is flowing inside €2. Then, for problem
@ with f(s) = |u[P~ u,g(s) = |u|*"‘u, f can be called "sources” term and
g can be called "boundary absorptive” term. When term |u|?~2u; does not
present in problem (I), the same boundary condition arises in the literature
in connection with the wave equation, i.e. when the operator u; — Awu in ()
is replaced by the wave operator u;; — Au. Some related problems concerning
wave equations with nonlinear damping and source terms have been considered
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in [44] [45] [46] [47) [48], [49] (50l 511 52, [53]. In particular, Cavalcanti et al [44] deals
with the problem

Uy — Au = f(u),
9 4w = —h(u) + g(u),z € 09, (5)
’LL(.I,O) = uO(I)aut(O) =up,T € Qa

where under some assumptions imposed on the damping and source terms, they
showed the well-posedness of the problem and effective optimal decay rates for
the solutions. They also established a blow-up result in the case where the
boundary source dominates the boundary damping and initial data are large
enough. In general, methods employed to study hyperbolic problems cannot
be employed to study parabolic problems, and conversely. Nevertheless, the
arguments of [44] can be conveniently adapted to problem () without |u|?2u;.
However, there are several important differences in the proofs, which make the
adaptation non-trivial. The first essential difference, with respect to [44], comes
out here, since the boundary source term appearing in (@) is now a boundary
absorptive term. When one combines boundary absorption and interior source
terms with initial data of arbitrary size, the analysis becomes more difficult.
Moreover, terms —Awu; and |u|9~2u; differ from boundary damping term Q(u;)
given in [44].

In this paper, we will investigate the existence and nonexistence of global solu-
tions to problem (). More precisely, under appropriate assumptions imposed on
the source and boundary absorption terms, we shall establish global existence of
solutions by using the potential well method combined with a standard contin-
uous argument. We will give sufficient conditions for the blow-up of solutions in
a finite time interval under suitable initial data using differential inequality. It
is different with the results in [4, [5]. We also give a general decay of the energy
by an integral inequality in [54].

This paper is organized as follows. Section 2 is concerned with some notations
and statement of assumptions. In Section 3, we prove global existence of solu-
tions and the blow-up result for the solutions with positive and negative initial
energy respectively. In Section 4, a general decay of the energy is proved.

2. Preliminaries

In this section, we present some materials needed in the proof of our results. We
use the standard Lebesgue space LP(Q)(1 < p < oo) and Soblev space H'(Q)
with their usual scalar products and norms. Moreover, we denote ||u[z»(0) =
l[ull, and ||u||Le(r,) = [|ul[p,r, for 1 < p < oo, and the Hilbert space Hf () :=

{fu e H(Q) : up, = 0}, ||u||fq%0 = ||Vu||3 + [[u|]3, where u|p, stands for the
restriction of the trace of u on 9 to I'g, and in particular, we denote ||u||2 = ||ul|
and ||ull2,r, = ||ullr,. Since meas(T'y) > 0, a Poincare-type inequality holds

and consequently ||Vul| is an equivalent norm in Hf (€2). The constants C used
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throughout this paper are positive generic constants, which may be various in
different occurrences.
We assume that

2
lep< ™2 1 cg< " ifn>3
n—2 n—2

p>1,g>1if n=1,2;p>max{q—1,k} > 1. (6)
Then, we have the Soblev embedding H} (Q) < LPT1(Q) and the trace-Soblev

embedding H}, (Q2) < LF*1(I';). In these cases, the embedding constants denote
Cx, By respectively, i.e.

lullp+1 < eullully @ [lellkrrr < Bllulluy @) (7)

A function u(z,t) of class H*(0,T; Hf () is called a weak generalized solution
of problem () if it satisfies the equation

(ut, @) + (Vug, Vo) + (Vu, Vo) +/ lu|?™ 2 uppda — /Q |u|P~ tugda

|u|* Lugpdr + k/ |u|*Lupdz = 0

11

for any ¢ € Hf (€2), and almost all ¢ € [0, and the initial condition u(z,0) =
uo(x) (see [, H]).

Theorem 2.1. Let ug € Hl(O,T;H%O (Q)) and p,q, k satisfy (@), then problem
@) has a unique weak generalized solution on [0,Ty) for some Ty > 0, and we
have either Ty = 400 or Ty < +00 and

lim sup||u||H1 (@) = To°.

t—T;
Theorem 2.1 can be easily established by combining the argument of [55], The-

orem 1 and Theorem 2 in [4] [5], thus we omit it.
We define the functional that plays as the ” potential energy”

1 +1 1 k+1
E<t>=E<u>=—||Vu||2 — Il + ol
1 1
= gl o = gl ||p+1+,€+1||u||’,21},n, )

and the Nehari functional

1 k
I(u) = [ully, @)~ llullpis + llllfyr,

We also have the following identy
E'(t) =

-3 ||Ut||H1 @) — Jo lulf2uide — kfl“l lu|*~1u2dx < 0. 9)

In the sequel, a crucial role is played by the Nehari manifold to I, which is
N = {u € Hr,(Q)I(u) = 0, [[ull gy, () # 0},
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and we can readily give the mountain-pass level d by d = infv E(u).
ue

Next, we show some properties related to functions F(u) and I(u) in the follow-
ing lemmas.

Lemma 2.2. Let u € Hyp (), ||u||H%D(Q) #0 and ([6) hold, then

(Z))l\li% E(\u) =0, )\ETOOE()\U) = —00;

(m) In the interval 0 < X < oo, there exists a unique Ao = Ao(u) > 0 such that
d}\E(Au)b\ Ao — 0

(11i)E(Au) is increasing on 0 < A < Ao, decreasing on Ao < A < +00 and takes
the mazximum at A = \o;

(iv) I(Au) > 0, for 0 < X < Ag; I(Au) <0, for X > Ao and I(Aou) = 0.

Proof. (i) The conclusion follows from

2

A
E(w) = [lullfy o)~ || I + || et

P+1 k+ 1 k+1,I'1°

(ii) First, note that

d
T EOw) = Alulli @) - Nllullpiy + A fulli7r, = 0,4 >0

is equivalent to

N iy = MYl = IIUII%;()(Q)- (10)
Let
RN = N ullply = N i
= MNTOPE P — JullfE )
Ne=1hi(N),

where hy(A\) = )\p_k||u||§i} - ||u||§iFl Note that hq(A) is increasing on 0 <
A < oo, lim h(A) <0, and lim hi(A\) = 4oo, and hence there exists a
A—0t A——+o0
unique A* > 0 such that h;(A*) = 0, thereby h(A*) = 0,h(A) < 0 for 0 < A < A*,
h(A) > 0 for A* < A < oo. Hence, for any [[ul[g1 (o) > 0, there exists a unique
0
Ao > A* such that (I0) holds, and then (ii) holds.

(ili) Note that -&E(\u) = )\(||u||H1 @ h(\)). From the proof of (ii),
it follows that if 0 < A < A*, then h()\) < 0y if A < A < Ag, then 0 <
h(A) < [|ull?,1 oy and if Ag < A < oo, then h(A\) > ||ul|?,1 (- From this, the

HE () Hyp ()

conclusion of (iii) holds.
(iv)The conclusion follows from the proof of (iii) and

d
I(wu) = XJul 3 (@) = Xl [53 + XN lulliTr, = AosBOw).

This completes the proof of Lemma 2.2. (I
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Now, we define
1 C€+1 Bk+1
F(z) = —a? — = —aPtt - 2= _
2 p+1 k+1
and let 79 be the unique real root of equation F’(z) = 0. We easily verify that rg
is the unique real root of equation ¢(z) = 1, where ¢(z) = At gp—1 + Brtlgh=1
then ¢(ro) = &7~ 4 BF 1~ = 1. Tt can be checked that 7 is a point of
local maximum for F(z) (see[44] for more details). Accordingly, let us define E;
as

k+1

)

Cal P BfHTkH

p+1° E4+1°

Lemma 2.3. Let (@) hold, then (i) if 0 < ||u||H%D(Q) < g, then I(u) > 0; (%)if
I(u) <0, then ||u||H%O(Q) > ro; (1) if I(u) =0 and ||u||H%U(Q) #0, i.e. u€ N,
then [[ullmz (@) = To-

1
El ZF(TQ) = 57'(2) -

Proof. (i)Since ¢(x) is a strictly increasing function in (0,7¢), from

0< ||u||HI£O(Q) <70,

we get 9(1[ully_()) < é(ro) and

1
() = llulliyy @) =l + llulliiir,

+1 k
2 ||u||§{;0(9) —lullpiy = Nl r,

= Ilulfy, (1 = 2 Il ) = BEFlullly! )
= ||U||§1§0(sz)(¢(7"0) - ¢(||u||H1£O(Q))) > 0.

(ii) Condition I(u) < 0 gives

2 2
¢(T0)||u||H%O(Q) = ||u||H%0(Q)
1 k 1 k
< lullpis = el e, < Nl + lullidir,

+1 —1 k41, k=1 2 _ 2
< (@l + Bl o)l By, oy = Sl )y o
which implies [|u[f1 (o) # 0 and [[u[|z1 (@) > 7o by the monotonicity of ¢.
9] 0
(ili) If I(u) = 0 and [|ul| g1 (@) # 0, then
0

1 k
¢(7“0)||U||§1;0(Q) = ||u||§1110(§2) = ||“||§il - ||U||kﬂ,r1

1
< Nl + el e, < o0kl o)l oy
and from the monotonicity of ¢, we get ||ul[z1 (q) > ro. O
0

1

Lemma 2.4. d Z dO = ( m)’f% = m 0-

1
2
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Proof. For uw € N (or I(u) = 0 and ||u[|g1 (o) # 0), by Lemma 2.3, we have
0
||u||H%O(Q) > 1o. Hence

1 1
E(u) = Sllullfy o) + P 1(—Illtlliﬁ +lulliti )
1 1 9 1
=3~ P} Pullr, @ + P 71 (u)
1 1 9 1 1 9
= (5 T oF1 1)||U||Hg0(sz) 2 (5 ol 1))\0,
which gives d > dp. O
Remark 2.5. Noting the definition of d and the fact that
1 +1 1 k
Bw) = 3 lully o) IH&1k+NWJh1
1 cp“ .
> Sl @ =l @) k+1|l II’ZIJEI(Q F(llullay, @), (A1)

we know d > Ej.
Now we define the subsets of Hf () related to problem (@)-(3). Set

W ={ue H. (Q)] E(u) <d,I(u) >0}V ={ue H. ()] E(u) <d,I(u) <0}
(12)
Lemma 2.6. Ifug € H{ (€2), 0 < E(0) < d, and u is a weak solution of problem
@-@), then (i) we W if I(ug) >0 or |[ullgs (o) = 0; (1) u € V if I(uo) < 0.
0

Proof. We only prove (i), and the proof for (ii) is similar. We are going to prove
that u € W for 0 < t < Ty. From (@), we have

t
B+ [ Mol o+ [l 2o+ b [l zdslds
0 To Q Iy
= FE(0) <d, for anyt € [0,Tp),

which implies E(u(t)) < d. To prove that w € W for 0 < ¢t < Tp, we argue by

contradiction. Indeed, if it is not the case, there would exist ¢y € (0,Tp) such

that u(to) € N, and by the definition of d = injf;[E(u), one has d < E(ty) <d,
ue

then we reach to a contradiction. O

3. Global existence and blow-up of solutions

In this section, we prove the global existence and blow-up of solutions to problem

@a.

Theorem 3.1. Let ug € Hf (), 0 < E(0) < d, I(ug) > 0 or |[ul|g (o) =0,
0

and p, q, k satisfies (@), then the weak solution u to problem () in Theorem 2.1
can be extended to (0,00).
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Proof. By Lemma 2.5, we have v € W, then I(u) > 0 and E(u) < d for all
t € (0,7p). Therefore,

1
+1 k
a> Bu) = gl )~ gl + g i,
1 1 1
>(§—m)|| ||H1 @ T +1I(u)
1 1
> (5 - m)IIUII?@Om) (13)
for all t € (0,Tp). Then, [I3) and (@) imply
2(p+1) || ||;D+1

2
lellzr, (o) p1

2(p+1)d i1
< AT ) Ll

k+1,T"y

2(p+ 1)d k41
pT) z (14)

for all t € (0,T). By @) and the definition of E(u) , we have

< Bf-i—l(

1 k

2llel? + 3llullfy (o) < EO)+ sirllullpiy = mllelliir, < € < +oo(15)
for all t € (0,T). It follows from (I5) and from a standard continuous argument
that local weak solution w furnished by Theorem 2.1 can be extended to the
whole internal [0, 00), that is to say, u is a global solution. O

Theorem 3.2. Suppose that assumption (@) holds, u(0) = ug € Hp (Q) and u
is a local solution of probelem (). If E(0) < 0, then the solution of the system
@) dlows up in finite time.

Proof. We set

H(t) = —E(t). (16)
By the definition of H(t) and (@),
H'(t)=—FE'(t) > 0. (17)
Consequently, by E(0) < 0, we have
H(0) = —E(0) > 0. (18)
It is clear that by (1) and (I8
0< H(0) < H(t). (19)
By ([@8) and the expression of E(t),
1) = =l + gl e, = =3l v ulP <o 20
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One implies

1 1
1
1 1
Lozt < ol + el 1)

Let us define the functional

Y € €
L(t)=H' (t)+§IIVUI|2+§IIUI|2, (22)

where € > 0 will be fixed in later and 0 < o < p;Tqu (this can be done since
g —1 < p). By taking the time derivative of (2II), using problem (), and
performing several integration by parts, we get

L't)y=0-0)H 7(t)H'(t) + e/Q vu \ ude + e/ﬂuutdaz

— (1—o)H () H'(1) —|—e/

Q
=(1—o)H (t)H'(t) + 2¢H (t) + 2¢E(t) — ¢|| 7 u|?

el e, —e f e s [ s
Q r

ou
[uws — uAug|dr + e/ n %daj

= (L= 0)H " (OH'(1) + 26H (1) + (1~ )|l 7]
et el e, = [ s e [ g tde. (23
1

To estimate the last two terms in the right-hand side of (23), by the following
Young’s inequality

ab < 6 ta® + 6b?,

we deduce that, for any §; > 0 and 63 > 0,

/|u|q_2uutdx:/(|u|q%2ut)(|u|¥u)dx§51_1/ |u|q_2ut2dx+61/ lul?dz,
Q Q Q Q

u| " uu,da
r
= / (|U|%Ut)(|u|%u)d;v < 62_1 |u|k_1ufd;v + 9 |u|k+1d$_
r r, -
Therefore, we have
L'(t)> (1 —o)H (t)H'(t) + 2cH(t) + €(1 — _)” [Fes

k1
+e (1+k—+1)|| lxi1r,
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k+1 2 2 -1 k—1, 2
— oy [[ul|d - 652||u||kil7r\1 €dy / |u| usdr — edy |u|* " uidz.  (24)
I
By choosing &, such that ;' = My H~°(t) for M, enough large constants to be
fixed later, and noting that

—/ |u|9?uide > —H'(t), — |u|*tulde > —H'(t)
Q I

by @) and (7)), we have

L'(t) > [(1— o0 — eM)H™(t) — €6y |H'(t) + 2¢H (t) + e(1 — —)|| [t

p+1
+6(1+L—5 Ml 1 p, — eMy H (8)]full2 (25)
k+1 2 k+1,T 1 q:
Taking into account (2I)) and the embedding LPT(Q) — L4(£2), we get
o —+1)o +1)o+
H (@) lullg < Crllul 757 lullf < Colull3507, (26)
for some positive constants C; and C5. Now apply the inequality
1
xlg(x+1)g(1+—)(x+z),xzo,oglg1,z>o, (27)
in particular, taking x = ||u||§i},l (;:4;1%7 z = H(0), we obtain

o 1
|07 = ([ful[21])! < <1+m><||u||§i}+H<o>>sc3||u||§i}. (28)

where we have used the fact that 0 < ;15 <1,0< 0o < p“ 71 and (21)).
By (23), 26]) and (28], we have
L'(t)>[(1 —0o —eM)H(t) — ey '|H'(t) 4+ 2¢H(2)

2 -1 +1 2 ket
+e(l- prl Cs My )ulfpiy +e(1+ el d2)||ullii r, - (29)

Now, we take do such that 1+ kLH — 02 > 0, and we take M7 large enough such
that 1— —C3M;* = Cy4 > 0. Once M, and d5 are fixed, we can pick € small
enough such that

1—0—€eM; >0,
(1—0—eM)H () —edy ' > (1 =0 —eMi)H 7(0) — by ' >0,

where we have used the fact that H=7(¢) > H~°(0). Then there exist C5 > 0
such that ([29) becomes

L'(t) > Cs(H () + |ulpTy + llullf T r,)- (30)
Then, we have

L(t)> L(0) >0
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On the other hand, by the definition of L(t) and (20), we have

e 1 €
HO= 70 = 0 - k+1||u||’,:ii,pl>+5||u||2
— €

<(-oH’ <t>+—||u||§ii g, + Sl

p+1

< (1= 9H"(O) + — llullZfi + 5 lull,

p+ 1
where we have used the fact H(t) > H'~7(t) (this can be ensured by (1)), (),
0 < o < 1 and that E(0) is sufficient negative)

By the inequality (27) with x = ||u||;+‘{ I=1-0c<1lz= Hﬁ(O)7 we have

pt+1 1
+1 1—0o
lullpin = (ull,25)" 7 < 1+ H?(O))(”“”ml + H7(0) < 06||U||p+1
(31)

Therefore, we get
L(t) < (1 OH'7(t) + Gl ull ] pt1 4l ||u||2-
Then, by the embedding LP1(Q) — L2(£), we have, for fixed e sufficient small,

LT (t) < Co[H (1) + |[ul [ 11 + ul p+1] (32)

Using again the inequality 27) with « = ||u||§i},

U<p;1rlq <§+i)z:H(O),Wehave

= W%l—a) <1 (since

Y(ullp4s + H(0)) < Csllullpiy.

(33)

_2
— +1\ proa—ey 1
lullp T = (lullfi) 779 < (1 + 70)

From ([B32) and (33)), we obtain
_1
L= (t) < Co(H(t) + [Jul[pT1) < Co(H (1) + [[ul [Ty + lulliTip)- (34)
Combining with B0) and 34), we arrive that

L'(t) > Cyo LT (1), (35)

Integration of (BH) between 0 and t gives the desired results. The theorem is
proved. (I

In the following, we will prove that the solution will blow up provided that the
initial energy E(0) > 0. The next lemma will play an essential role in our proving
and it is similar to a lemma used firstly by Vitillaro [56]. Now the main idea of
the proof is from Lemma 9.1 in [44].
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Lemma 3.3. Let u be a solution of problem ([@). Suppose that the assumption
of k,p hold. Further assume that E(0) < Ey and |[u(0)||gy () > r0. Then there
0

exists a constant 1 > ro such that |[u(t)||gy ) =71, and
0

Ll s s L py = E ey B
p+1 pFl k+1 k+1ly = 1 1 p+11 k—i—ll :

Proof. We observe from (1)) that
E(u(t)) = F(llullmg, @) (36)

We have that F'(r) is increasing for 0 < r < rg, decreasing for r > 1o, F(ro) = E1,
and EIJP F(r) = —oo. Then, since d > F; > E(u(0)) > F(||u(0)||H% @) =
T o0 0

F(0) = 0, there exist 1} < ro < r1, which verify

F(r1) = F(r}) = E(u(0)). (37)
Considering that E(t) is non-increasing, we have
E(u(t)) < E(u(0)). (38)
From (37) and (38) we have
F(l[wO)m, @) < Eu(0)) = F(r). (39)

Since [[u(0)|[gz (2),m1 € (ro,+00) and F(r) is deceasing in this interval, from
0

9 one has

(0}l @) > 1. (40)
In the sequel, we will prove that
lu®lm (@) =1 (41)

In fact, we will argue by contradiction. Supposing that ([@I]) does not hold, then,
there exists t* € (0,Tp) such that

@)y, @) <71 (42)

If [[w(®)[| 1 (@) > 70, then,from @G), (B7) and [@2), we have
0
E()) = F(|lu()m @) > Fr1) = E(u(0),
which contradicts (38) and proves {I)). Now, if ||u(t*)||H%O(Q) < 19, we have,
taking ([@0) into account, that there exists ro which verifies
Nz, @) <o <72 <1 < [[w(0)][m; (- (43)
Consequently, from the continuity of [[u(.)||m1 (), there exists t" € (0,¢*) veri-
0

fying

||u(t/)||H1£0(Q) =Tra.
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From the last identity and from B8], 37) and [3), we obtain
E(u(t)) = F([[u(t)lm, @) > F(r2) > F(r1) = E(u(0)),

which also contradicts (B8] and proves (41J).
On the other hand, from the identity of the energy, it holds that

12 1 t1 k1
3l < B + I — gl e,

1
< B(O) + S Il + el (44)

which implies7 from (B7), (@I) and by the definition of F , that

1

1

ol + el 2 Sl o) — B(u(0)
1 cp-i-l Bk:-‘rl

> 2 2 _F * P+1 * k+1

> i = Fm) = sr1t TEn

O

Theorem 3.4. Suppose that the assumption (@) holds, u(0) = ug € HE () and
u is a local solution of the system (), [|uol|my (@) > ro and E(0) < Ey . Then
0

the solution of problem () blows up.
Proof. We set
H(t) = Ex — E(t), (45)

where Es is a constant and E(0) < Es < Eq < d. By the definition of H(t) and

@
H'(t) = —E'(t) = 0, (46)
which implies that H(t) is non-decreasing, and, consequently,
H(t) > H(0)=FE2 — E(0) > 0. (47)

Considering Lemma 3.3, we have that |[u(t)||g1 @) = 71, for some r1 > rq.
0

From this inequality, the definition of the energy and taking (@3] into account,
we deduce

H(O) = B — [l o — el + gl

1 9 +1 k+1
SEl—§||U||H;O(Q)+m”u”§+l k—i—l” ||kilvrl

1 1 1
< By = gt ol - gt
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! opr1 BT pht1

which implies, having in mind that Ey = F(rg) = %7‘3 — 7170 w0
that
1, &Y B Lo 1 +1 k1
H(t) < -y — T 17"g k—-l-l 0 ) 1 —||U||§+1 L+ 1|| ||k+1,F1
_ CQ-H ,,.P+1 Biﬁ_l k+1 ||u||p+1 || ||k+1
p+10 k+1° P+l k:+1 k+1.Ta
p+1 k+1
§p+1|| ||p+1 k+1|| ||k+1F1
+1 +1 k41
|| ||§+1 > || ||§+1 A 1||“||k+1,rl- (48)
(I

Then we can prove the theorem similar to the proof of Theorem 3.2.

4. Asymptotic stability

In this section, we will state and prove the exponential decay of the solutions to
problem (). In this context, we have the following lemma.

Lemma 4.1. Let u be a solution to problem (). Assume that assumption ()
holds and ug € W, then we have

2(p+1) 2(p+1)

2

s o < 225 ) < 222 Do) (19)

2(p+1)
lull§ 1 p, < Bf“(ip_l E(0)"2|[ul | (@) (50)
2(p+1) _
+1
llullpis < P“(ip_l E(0))? 2||u||§{110(£2)' (51)

Proof. By Lemma 2.5, we have v € W and I(u) > 0. We know from (@) and the
definition of E(t) that

1 L1
E<o>zE<u>=—||u||ip || B3+ i,
1 ) 1
z—||u||ip L ||5L Ll + <,€+1 Ll
1 1 1 k1
2 (2 )|| ||H1 ST +1I(U)+(k—+1 _m)HquJrl,Fl
1 p—Fk k+1

> (2 _ —_— .
Thus we obtain ([@J). By the embedding Hf, (Q) < LF*(I'1) and (@), we have

2 1
k+1 Bk+1||u||k+1 %

||u||k+1,rl = < Bf“(

@ < E(O))kJHUH?{;O(Q)'
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Then, (50) holds. By the embedding H} (Q) < LPT() and [@J), we have

||“||p+1 Q) = 1

Then, we conclude (&II). Hence, we complete the proof.
Now, we state an important lemma by Martinez[54]. O

2(p+1) _
1 1
ptl o CP+1||U||P+ < et . E(0))P 2||u||§{%0(9),

Lemma 4.2. Let E: R™ — R™ be a nonincreasing function. Assume that there
exists o > 0 for which f;oo E(t)dt < oE(S) for any S > 0, then there exist two
positive constants C' and € independent of t such that:

0< E(t) <Ce™*

Theorem 4.3. Assume that assumption @) holds and ug € W. Moreover, as-

sume that B(0) < d and BF+ (225 p(0))k-2 0Oy o (2L B(0))p-2 =

a < 1, then there exist two positive constants C' and & independent of t such that:

0< E(t) < Ce¢".

Proof. Multiplying the first equation in problem () by w, then integrating it
over ) X (S,T), and performing several integration by parts, we get:

T T
/S /[uut + VuVu, + |u|‘1_2um]dazdt—|—/ ||u||§{1 (@)dt

+/S ||u||’,jﬂpldt+k/ /F fufF= wargdadt /||u||§1}dt (52)
1

From the definition of E(¢t) and equation (52]), we obtain

T T
= 2 k+1 +g
2 [ Bt = [ Il o+ g, + gl

T
= —/ /[uut + VuVu,ldzdt —/ / w9 2w drdt
s Ja s Ja

g k-1 k=1 (T pl
—k |u| uutd.fdt - T ||u||k+17p1d + — || ||p+1dt
S Ty k+ 1 S

(53)
Now, we estimate every term on the right-hand side of (53)).
Employing Holder’s inequality, Young’s inequality, @9) and (@), the first and

second terms on the right-hand side of (B3) can be estimated as follows, for
o1 > 0,

T T T
_/ /Q[uut+VuVut]dxdt§51/ ||u||§{1 (Q)dt—l—C(él)/S ||ut||fq%0(mdt
p+1/E t)dt — C 61/E (54)
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By Holder’s inequality, Young’s inequality, (@9) and (@), the third terms on the
right-hand side of (B3] can be estimated as follows, for d2 > 0,

T T s ,
—/ /|u|q72uutd3:dt:—/ /(|u|Tut)|u|5d$dt
S Q S Q

T T
<o [ Nullr+ €@ [ [ juprtidasar
S Q

< e 2(p+ 1)(2(p+ 1)E(0>)q72 /T E(t)dt — 0(52)/T E'(t)dt, (55)

B p—1 " p—1 s s

where we used the embedding H}, () < L9(Q) and @9).
Similar to the process of the proof of (B3) and by (B0), we have

T T
—/ / |u|k71uutd:1:dt§/ / |u|%(|u|%ut)dazdt
s Jr, s Jry

T T
<t [ Nl de+ € [ i
S
T
gagB,’j“(L“ll)E(o e 22p+1 / B(t)dt — (53)/ E'(4)dt{56)
p= s

As for the fifth term on the right—hand side of (B3], by (B0) and (@), we arrive
at

b || 41
k+1 k41, Fl

k+1 2(P+1) o+ k=1 [T
< 2Bt (ﬁE(o)) m/ E(t)dt.

For the sixth term on the right-hand side of (B3)), by (B0) and (@), we get
2 1
bt [l < 2 2D gy [Mpar 69
p+ 1 ? p-
Then, combining these estimates ([4)-(GS), ([GE3]) becomes

z/T E(t)dt

S
2(p+1) +520(12(]9—1- 1)(2(p+ 1)
p—1 Tp—-1 " p-1
—|—53Bk+1(2(p + 1)E(0)>k—22(p + 1)
Top-1 p—1
w2 (P +1)(k—1)
(p—1)(k+1)

<[

E(0))"*
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o1, 20+ 1) oo [T
+2g+%—;jT—Em» QLA E(t)dt

T
—(C(61) + C(6) + C(63)) /S B (1)dt. (59)

Note Bff‘“(%E(O))’“_Q%—Hﬁﬂ(%E(O))p_2 = a < 1, and choose

01 > 0,92 > 0,83 > 0 sufficiently small such that
20p+1 20p+1) 2(p+1
s (p+ )—%d (p+ %(p+)
p—1 p—1 " p—1
20p + 1 20p +1
—5ng+1plfﬁtflﬁxo»k*2—@1fil-—2o¢>(1 (60)
p— p—

Hence, by (@), there exists a positive constant ¢ > 0 such that

E(0))*~?

T
/ E(t)dt < oE(S), for any S > 0.
5

By letting T go to 400 on the left hand in the aforementioned inequality, one
can easily deduce that Lemma 4.2 is satisfied. Hence the conclusion of Theorem
4.3 is established. (]

By Lemma 4.1, we have the following result

Corollary 4.4. Under the assumption of Theorem 4.3, there exist two positive
constants C' and £ independent of t such that:

||U||H;O(Q) < Ce™¢

Remark 4.5. If g(u) is boundary source term and f(u) is absorptive term, we
can also get the similar results.

5. Conclusions

This paper consider the initial boundary value problem of the generalized Boussi-
nesq equation with nonlinear interior source and boundary absorptive terms.
Under appropriate assumptions imposed on the source and boundary absorp-
tion terms, we establish global existence of solutions by using the potential well
method combined with a standard continuous argument and we give sufficient
conditions for the blow-up of solutions with positive and negative initial energy
respectively in a finite time. It is different with the results in [4 5]. We also give
a general decay of the energy by an integral inequality in [54].

Acknowledgements

This work is supported by the National Natural Science Foundation of China
(No.11801145).

Competing Interests

The authors declare that they have no competing interests.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Asymptotic stability and blow-up of solutions for the generalized Boussinesq equation 111

REFERENCES

Sveshnikov, A. G., Alshin, A. B., Korpusov, M. O., & Pletner, Y. D. (2007). Linear and
nonlinear equations of Sobolev type. Fizmatlit, Moscow.

Korpusov, M. O., & Sveshnikov, A. G. (2008). Sufficient close-to-necessary conditions for
the blowup of solutions to a strongly nonlinear generalized Boussinesq equation. Compu-
tational Mathematics and Mathematical Physics, 48(9), 1591-1599.

Al’shin, A. B., Korpusov, M. O., & Sveshnikov, A. G. (2011). Blow-up in nonlinear Sobolev
type equations (Vol. 15). Walter de Gruyter.

Korpusov, M. O., & Sveshnikov, A. G. (2008). Sufficient conditions for the blowup of a
solution to the Boussinesq equation subject to a nonlinear Neumann boundary condition.
Computational Mathematics and Mathematical Physics, 48(11), 2077-2080.

Makarov, P. A. (2012). Blow-Up of the solution of the initial boundary-value problem
for the generalized Boussinesq equation with nonlinear boundary condition. Mathematical
Notes, 92(3-4), 519-531.

Levine, H. A. (1973). Some nonexistence and instability theorems for solutions of formally
parabolic equations of the form Pu; = —Au + F(u). Archive for Rational Mechanics and
Analysis, 51(5), 371-386.

Kalantarov, V. K., & Ladyzhenskaya, O. A. (1978). The occurrence of collapse for quasi-
linear equations of parabolic and hyperbolic types. Journal of Soviet Mathematics, 10(1),
53-70.

Karch, G. (1997). Asymptotic behaviour of solutions to some pseudoparabolic equations.
Mathematical Methods in the Applied Sciences, 20(3), 271-289.

Benjamin, T. B., Bona, J. L., & Mahony, J. J. (1972). Model equations for long waves in
nonlinear dispersive systems. Phil. Trans. R. Soc. Lond. A, 272(1220), 47-78.

Sun, C., & Yang, M. (2008). Dynamics of the nonclassical diffusion equations. Asymptotic
Analysis, 59(1-2), 51-81.

Payne, L. E., & Sattinger, D. H. (1975). Saddle points and instability of nonlinear hyper-
bolic equations. Israel Journal of Mathematics, 22(3-4), 273-303.

Sattinger, D. H. (1968). On global solution of nonlinear hyperbolic equations. Archive for
Rational Mechanics and Analysis, 30(2), 148-172.

Yacheng, L., & Junsheng, Z. (2006). On potential wells and applications to semilinear
hyperbolic equations and parabolic equations. Nonlinear Analysis: Theory, Methods €
Applications, 64(12), 2665-2687.

Xu, R., & Su, J. (2013). Global existence and finite time blow-up for a class of semilinear
pseudo-parabolic equations. Journal of Functional Analysis, 264(12), 2732-2763.
Korpusov, M. O., & Sveshnikov, A. G. (2006). Blow-up of solutions of nonlinear Sobolev
type equations with cubic sources. Differential Equations, 42(3), 431-443.

Korpusov, M. O. (2004). Blow-up of solutions of a class of strongly non-linear equations
of Sobolev type. Izvestiya: Mathematics, 68(4), 783-832.

Deng, K., & Levine, H. A. (2000). The role of critical exponents in blow-up theorems: the
sequel. Journal of Mathematical Analysis and Applications, 243(1), 85-126.

Messaoudi, S. A. (2002). A note on blow up of solutions of a quasilinear heat equation
with vanishing initial energy. Journal of mathematical analysis and applications, 273(1),
243-247.

Levine, H. A., Park, S. R., & Serrin, J. (1998). Global existence and nonexistence theo-
rems for quasilinear evolution equations of formally parabolic type. Journal of Differential
Equations, 142(1), 212-229.

Di, H., & Shang, Y. (2015). Global existence and nonexistence of solutions for the nonlinear
pseudo-parabolic equation with a memory term. Mathematical Methods in the Applied
Sciences, 38(17), 3923-3936.

Peng, X., Shang, Y., & Zheng, X. (2016). Blow-up phenomena for some nonlinear pseudo-
parabolic equations. Applied Mathematics Letters, 56, 17-22.



112

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

J. Dang, Q. Hu, H. Zhang

Chen, H., & Tian, S. (2015). Initial boundary value problem for a class of semilinear
pseudo-parabolic equations with logarithmic nonlinearity. Journal of Differential Equa-
tions, 258(12), 4424-4442.

Luo, P. (2015). Blow-up phenomena for a pseudo-parabolic equation. Mathematical Meth-
ods in the Applied Sciences, 38(12), 2636-2641.

Conti, M., & Marchini, E. M. (2016). A remark on nonclassical diffusion equations with
memory. Applied Mathematics & Optimization, 73(1), 1-21.

Korpusov, M. O., & Sveshnikov, A. G. (2005). Blow-up of solutions of a class of strongly
non-linear dissipative wave equations of Sobolev type with sources. Izvestiya: Mathemat-
ics, 69(4), 733-770.

Aristov, A. I. (2014). Modelling unsteady processes in semiconductors using a non-linear
Sobolev equation. Izvestiya: Mathematics, 78(3), 427-442.

Zhang, H., Lu, J., & Hu, Q. (2014). Exponential growth of solution of a strongly nonlinear
generalized Boussinesq equation. Computers € Mathematics with Applications, 68(12),
1787-1793.

Lu, J., Hu, Q., & Zhang, H. (2014). Blowup of Solution for a Class of Doubly Nonlinear
Parabolic Systems. Journal of Function Spaces, 2014, Article 1D:924596.

Eden, A., Michaux, B., & Rakotoson, J. M. (1991). Doubly nonlinear parabolic-type equa-~
tions as dynamical systems. Journal of Dynamics and Differential Equations, 3(1), 87-131.
ElOuardi, H., & ElHachimi, A. (2006). Attractors for a class of doubly nonlinear parabolic
systems. Electronic Journal of Qualitative Theory of Differential Equations, 2006(1), 1-15.
Levine, H. A.,; & Sacks, P. E. (1984). Some existence and nonexistence theorems for solu-
tions of degenerate parabolic equations. Journal of Differential Equations, 52(2), 135-161.
Aristov, A. 1. (2012). On the initial boundary-value problem for a nonlinear Sobolev-type
equation with variable coefficient. Mathematical Notes, 91(5-6), 603-612.

Korpusov, M. O. (2013). Solution blow-up for a class of parabolic equations with double
nonlinearity. Sbornik: Mathematics, 204(3), 323-346.

Truong, L. X., & Van Y, N. (2016). Exponential growth with LP-norm of solutions for
nonlinear heat equations with viscoelastic term. Applied Mathematics and Computation,
273, 656-663.

Truong, L. X., & Van Y, N. (2016). On a class of nonlinear heat equations with viscoelastic
term. Computers & Mathematics with Applications, 72(1), 216-232.

Levine, H. A., Smith, R. A., & Payne, L. E. (1987). A potential well theory for the
heat equation with a nonlinear boundary condition. Mathematical Methods in the Applied
Sciences, 9(1), 127-136.

Vitillaro, E. (2005). Global existence for the heat equation with nonlinear dynamical
boundary conditions. Proceedings of the Royal Society of Edinburgh Section A: Mathe-
matics, 135(1), 175-207.

Fiscella, A., & Vitillaro, E. (2011). Local Hadamard well-posedness and blow-up for
reaction-diffusion equations with non-linear dynamical boundary conditions. Discrete and
Continuous Dynamical Systems, 33 (11), 5015-5047.

Amann, H. (1988). Parabolic evolution equations and nonlinear boundary conditions. Jour-
nal of Differential Equations, 72(2), 201-269.

Escher, J. (1989). Global existence and nonexistence for semilinear parabolic systems with
nonlinear boundary conditions. Mathematische Annalen, 284(2), 285-305.

Escher, J. (1993). Quasilinear parabolic systems with dynamical boundary conditions.
Communications in Partial Differential Equations, 18(7-8), 1309-1364.

Escher, J. (1995). On the qualitative behaviour of some semilinear parabolic problems.
Differential and Integral Equations, 8(2), 247-267.

Carvalho, A. N., Oliva, S. M., Pereira, A. L., & Rodriguez-Bernal, A. (1997). Attractors for
parabolic problems with nonlinear boundary conditions. Journal of Mathematical Analysis
and Applications, 207(2), 409-461.



44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

Asymptotic stability and blow-up of solutions for the generalized Boussinesq equation 113

Cavalcanti, M. M., Cavalcanti, V. N. D., & Lasiecka, I. (2007). Well-posedness and optimal
decay rates for the wave equation with nonlinear boundary dampingsource interaction.
Journal of Differential Equations, 236(2), 407-459.

Lasiecka, I., & Tataru, D. (1993). Uniform boundary stabilization of semilinear wave equa-
tions with nonlinear boundary damping. Differential Integral Equations, 6(3), 507-533.
Vitillaro, E. (2002). A potential well theory for the wave equation with nonlinear source
and boundary damping terms. Glasgow Mathematical Journal, 44(3), 375-395.

Vitillaro, E. (2002). Global existence for the wave equation with nonlinear boundary damp-
ing and source terms. Journal of Differential Equations, 186(1), 259-298.

Bociu, L., & Lasiecka, I. (2010). Local Hadamard well-posedness for nonlinear wave equa-
tions with supercritical sources and damping. Journal of Differential Equations, 249(3),
654-683.

Bociu, L., Rammaha, M., & Toundykov, D. (2011). On a wave equation with supercritical
interior and boundary sources and damping terms. Mathematische Nachrichten, 284(16),
2032-2064.

Wu, S. T. (2012). General decay and blow-up of solutions for a viscoelastic equation with
nonlinear boundary damping-source interactions. Zeitschrift fr angewandte Mathematik
und Physik, 63(1), 65-106.

Wu, S. T. (2014). Blow-up of positive initial energy solutions for a system of nonlinear
wave equations with supercritical sources. Journal of Dynamical and Control Systems,
20(2), 207-227.

Said-Houari, B., & Nascimento, F. A. F. (2013). Global existence and nonexistence for the
viscoelastic wave equation with nonlinear boundary damping-source interaction. Commu-
nications on Pure & Applied Analysis, 12(1), 375-403.

Graber, P. J., & Said-Houari, B. (2012). Existence and asymptotic behavior of the wave
equation with dynamic boundary conditions. Applied Mathematics €& Optimization, 66(1),
81-122.

Martinez, P. (1999). A new method to obtain decay rate estimates for dissipative systems.
ESAIM: Control, Optimisation and Calculus of Variations, 4, 419-444.

Lions, J. L. (1969). Quelques methodes de resolution des problemes aur limites non lin-
eaires. Dunod Gauthier-villars, Paris.

Vitillaro, E. (1999). Global nonexistence theorems for a class of evolution equations with
dissipation. Archive for Rational Mechanics and Analysis, 149(2), 155-182.

Jian Dang

Department of Mathematics, Henan University of Technology, Zhengzhou 450001, China.
e-mail: dangjian2006Q@163.com

Qingying Hu

Department of Mathematics, Henan University of Technology, Zhengzhou 450001, China.
e-mail: slxhqy@163.com

Hongwei Zhang

Department of Mathematics, Henan University of Technology, Zhengzhou 450001, China.
e-mail: whz6610@163.com



	1. Introduction
	2. Preliminaries
	3. Global existence and blow-up of solutions
	4. Asymptotic stability
	5. Conclusions
	Acknowledgements
	Competing Interests
	References

