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ABSTRACT

In this work, we give the power series solutions around an ordinary point, in the case of variable
coefficients, homogeneous sequential linear conformable fractional differential equations of order
2a. Further, we introduce the conformable fractional Hermite differential equations, conformable
fractional Hermite polynomials and basic properties of these polynomials.
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1. INTRODUCTION

The idea of fractional derivative was raised first
by L'Hospital in 1695. Since then, related to the
definition of fractional derivatives have been
given many definitions. The most popular ones of
these  definitions are Grunwald-Letnikov,
Riemann-Liouville and Caputo definitions. For
Riemann-Liouville, Caputo and other definitions
and the characteristics of these definitions, we
refer to the reader to [1-3].

Although the fractional calculus was not striking
for a long time, it became the most popular
working area along with fractional differential
equations after its powerfull applications showed
up and there has been made a lot of studies
related to its theory and physical applications [4-
10].

Since the analytic methods fell behind for exact
solutions of the most fractional differential
equations, there has been a tendency towards
numerical and approximate analytic solution
methods [11-17].

Recently, Khalil et al. [18] give a new definition of
fractional derivative and fractional integral in.
This new definition benefit from a limit form as in
usual derivatives. They also proved the product
rule, the fractional Rolle theorem and mean value
theorem. In [19], Abdeljawad improve this new
theory. For instance, definitions of left and right
conformable fractional derivatives and fractional
integrals of higher order (i.e. of order @ >1),
Taylor power series representation and Laplace
transform of few certain functions, fractional
integration by parts formulas, chain rule and
Gronwall inequality are provided by him. The
definition is found attractive and a large number
of studies has been applied in this field in a short
time [20-22].

In this work, we analyze the existence of
solutions around an ordinary point of
conformable fractional differential equation of
order 2a. Then, we give solution of Hermite
fractional differential equation. For this solution,
we obtain Hermite fractional polynomials with
certain special initial conditions. Finally, we
introduce the basic properties of Hermite
fractional polynomials.
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2. CONFORMABLE FRACTIONAL
CALCULUS

Definition 2.1. [18] Given a function f: [0, ») —
R. Then the conformable fractional derivative of f
order « is defined by

flx +ex'™®) — f(x)

&

f@(x) = lim
£-0
forallt > 0,a € (0,1].

Theorem 2.1. [18] Let @ € (0,1] and f,g be a-
differentiable at a point x > 0. Then

a® a%f |, d%g
(af+bg)—am+bd — foralla,b € R

(1) =

(2) ?(x”) =pxP~% forallp e R

(3) ;—(A) =0, for all constant functions
fx )—

(4 )m(fy) _fax_a(g) 9ax_a(f)

(5)2(f/9) = —gdx“”;fdx“(g)

(6) If, in addition, f is differentiable, then

L (0) = ¥ L ().

Theorem 2.2. [19] Assume f is infinitely « -
differentiable function, for some 0 < a <1 at a
neighborhood of a point x,. Then f has the
fractional power series expansion:

f(ak)(xo)(x - xo)ak
Z T

Xo <x<xo+RYY R>0.

Here, f@(x,) means the application of the
fractional derivative k times.

3. CONFORMABLE SEQUENTIAL FRAC-
TIONAL DIFFERENTIAL EQUA-TION

AND SOLUTIONS AROUND AN
ORDINARY POINT
The most general sequential linear

homogeneous conformable fractional differential
equation is

"Tay + oy ()" Ty 4. +a; )T,y + ag(x)y = 0, (1)

where "T,y = T,T, ...T,y, n times.



Definition 3.1. Let a € (0,1], x, € [a, b], N(x,) be
a neighborhood of x, and f(x) be a real function
defined on [a, b]. In this case f(x) is said to be
a-analytic at x, if f(x) can be expressed as a
series of natural powers of (x —x,)* for all
x € N(x,). In other word, f(x) can be expressed
as following:

o0

Yat—x) (@ eRr)

k=0

This series being definitely convergent for
[x —xgl <8 (6>0). & is the radius of
convergence of the series.

Definition 3.2. Let ¢ € (0,1], x, € [a, b] and the
functions a;(x) be a-analytic at x, € [a, b] for
k=012,..,n—1 . In this case, the point
Xy € [a, b] is said to be an a-ordinary point of (1).
If a point x, € [a, b] is not a-ordinary point, then it
is said to be a singular.

Example 3.1. a) We consider following the
conformable fractional differential equations:

T,y —x%y =0,
Ty — 2x%y =0,
x%% 2T,y — 2x°T,y + x*%y = 0

Any point x = x, > 0 is an ordinary point for the
above equations.

b) Let be
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x—-1DT,y—y=0,
(x —1)%% 2T,y — 2(x — 1)%T,y + (x — 1)2%y = 0.

For these equations, any point x = x, > 1is an
ordinary point.

Theorem 3.1. Let a € (0,1] and x, € [a, b] be an
a-ordinary point of the equation

T, Tpy + p(x)Tey + q(x)y = 0. (2)

Then, there exists a solution to the equation (2)
as

Y = Yk=oCk(x — xo)ka (3)

for x € (xq, xo + p) with p = min {§,, §,} and initial
conditions ¢, = y(x,), ac; = T,y (x,)-

Proof. Since x, is an a-ordinary point of (2), by
definition 3.1 and 3.2 we can write

P(0) = Ti=o P (x —x0)**  (x € [x0,%0 +

51, 51>0 (4)
and

q(x) = i=o gk (x — x0)*

(x € [xg,x¢ + 8,]; 8, > 0). (5)

We seek a solution in form (3) of (2). Substituting
(3) and its conformable fractional derivatives in
(2), then we obtain

Srco@?(k+ 2)(k + Dcgar(x — x0)** + Chozo Prc(x — x0)*¥ ) Xgozo @k + Dcgpr (x — x0)*®) + Croeo qre(x —

xO0kak=0°chxr-x0ka=0

We also can write

(i i (x — x0)*@ ) (i alk + 1)epy, (x — xo)ka> _ i
k=0 I

=0

and

o0

(i qi(x — xo)ka) (i C(x — xo)ka> = z
k=0 k

=0 k=0

Hence, if we substitute (7) and (8) in (6), we obtain

(6)

k

Z a( + Dpr—jciar | (x = x0)**

k=0 \j=0

Qk-jCj (x - xo)k“-
j=0
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e k k

a?(k +2)(k + Degz + Z a( + Dpy—jcjs1 + Z Qr—jCi | (x = x0)** = 0.

k=0 Jj=0 j=0
So, the coefficients ¢, must satisfy

a?(k +2)(k + Dz = = TioolaG + Dpw—jjea+ai—j]-

We show that if the coefficient ¢, are defined by (9), for k > 2, then the series

o0

y=3 e

k=0

is convergent for |x — x,| < p. Let us fix r (0 < r < p). Since the series in (4) and (5) are convergent

for |x — x,| = r, there is a constant M > 0 such that

Mrl®

|pk—j|5rk—a (keENy;0<j<k)
and
ja
|ai-j] <5 (kEN;0<j<K).

Using (10) and (11) in (9), we obtain

a?(k + 2)(k + 1)|cpyn] < r%t ﬁ?zo[a(j + 1)|C]-+1| + |cj|]rj“

< ;Z—a kolaG + Dlgjaa| + ||l *+ M|cjpq|re.
Now, we define
Co = lcol, €y = leql
and C;, by
a?(k +2)(k + 1)Crevz = 7z Dizo[@( + DCpax + Gl 4 MCppy7®
fork = 2.
We can see that an induction yields
[kl < Cy, C, =0, (k=012,..)
Now, we analyze for what x the series
Y=o Cic(x — x0)*¢
is convergent.

Using (13), we obtain

a?(k) (k + 1)Ciu1 = gz Ziza @l + DG + GJr) “+ MG

(10)

(11)

(12)

(14)
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a?(k) Uk = 1)C;e = =5z 2¥ 3@ + DGy + Gl 4 MGy, (16)
From (15) and (16), we find
Ca?(k)(k + 1)Cryq = a?(k)(k — 1)Cy + aMk T%Cy, + MC\r?®
Hence,

Crr1 a?(k)(k — 1) + aMkr® + Mr?®
C, rea?(k)(k + 1)

is obtained. By the help of the ratio test, we have that

(|x - x0|>a
= <1
r
Thus, the series (14) converges for |x — x| < r. This implies that the series (3) converges for
|x — x,| < r. Since r was any number satisfying 0 < r < p, the series (3) converges for |x — x,| < p.

lim |Ck+1(x - xo)(k+1)a
| Celx —xp)ka

k—e

Example 3.2. Find the general solution to the equation
Ty —xT,y—y=0. (17)

We seek a solution in the form (3). Substituting (3) and conformable fractional derivatives of (3) in
(17), we have

1
Cy = mco
and
_ ka+1 k=12
2T ey Dk +2) K T e
Hence,
1 B zr(l_—“+2)
€2 = 2q2¢0 €= ar(izfl)r@) !
r(2a+2) zzr(—+3)
€a =32 1a3r(—+1)r(5) €o s = aZr( 241)I(6) @
( +3) 3|'(—+4)
% == 2a4|'(—+1)|'(7) ‘o €7 = a3r( +1)r(8) 2!
(L) ' 2T (L ie41)

Cok = Co Cok+1 = 1

21-kk+IM(—+1)r (2k+1) kr(—+1)r(2k+z)

is obtained. The general solution of (17) is founded as

y(x)—Coz 2 +k) 12

—i11- kak+1r +1) r(2k+1) = |k

) x(2k+1)a
) F(2k + 2)
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4, CONFORMABLE SEQUENTIAL FRACTIONAL HERMITE DIFFERENTIAL EQUATION
AND CONFORMABLE FRACTIONAL HERMITE POLYNOMIALS

Consider the conformable fractional Hermite differential equation
2Ty — 2ax°T,y + 2a’my = 0 (18)
where a € (0,1], m is a real number. If @ =1, then equation (18) becomes the classical Hermite

differential equation. Let m be a nonnegative integer. x = 0 is an ordinary point of (18). Now we seek
a solution as in (3) of (18). Substituting (3) and its conformable fractional derivatives in (18), we have

c, = —mc,
and
2(k —m) =12
Chi2 = 77— C =1,2,..
2T+ Dk +2) K
Hence,
2 2(m-1)
C = (_1)2_7?50 c;=(-1) n:! (o)
2 _ 20 _
¢ = (122 mE:!n 2P cs = (—1)2 2Dy ;?(m 2
3 _ — 3 — _ —
co = (_1)32 m(m I)(m 4) C ¢, = (_1)3 23(m-1)(m-3)(m-5) ¢

6! 7!
2km(m=-2)...(m—-2k+2)
o = (=D

2k (m—-1)(m-3)..(m-2k+1)
Cor+1 = (— 1)k
(2n)!

(2n+1)!

0 1

is obtained. The general solution of (18) is found as

2km(m —2) ...(m — 2k +2)

2ka a
X +cx
(2n)! !

Y =+ co ) [(—1)’<
k=1

- 2km—1)(m —3)...(m — 2k + 1)
—1)k (2k+1)a
+Clz[( ) 2k + D! x
k=1
Now, we pick initial conditions the following as

y(0) =¢, = (—2)%(m — D

T,y(0) =ac;=0-¢, =0

where
(m— 1)l = {(m —1)(m—-3)..31 (m-1)odd
" m—-1)(m-3)..42 (m—1)even
If c; = 0, then all ¢, = 0 when k is odd. For these initial conditions, the solution is
m k _ _
y() = (=2 0m = D1+ Ty |(— ) EREDm2 )] ke (19)

Specially, for m = 6, the solution is

y(x) = 6 4% —4806** + 7 20x** — 120.
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This is the 6™ order conformable fractional Hermite polynomial. That is
HE(x) = 6 4%% — 48 &c** 4 7 202 — 120.
To get the odd order Hermite polynomials, we specify the initial conditions
y(0) =¢c, =0,
m+1 m+1
T,y(0) = ac; = —a(-2)"z (m)!' > ¢, =—(-2)"2 (m).

If ¢, = 0, then all ¢, = 0 when k is even. For these initial conditions, the solution is

m+1 K(m— — —
Y = =(=2) 2 (M) [x7 + Bio, [ (-1 B Gk a (20)

Specially, for m = 5, the solution is
y(x) =3 25% — 16 3% + 120x .

This is the 5" order conformable fractional Hermite polynomial. That is
HE(x) = 3 2% — 16 0c3* + 120x%.

Properties of classical hermite polynomials [23] can be generalized to fractional hermite polynomials
as following:

Property 4.1.

() HR(x) = Hp(x9)

) T (HZ () = 2maHg,_,(x)

(my " (H&(x)) = 2™m!a™

(V) Hppa () = 2x*Hy (x) — 2mHg, 4 (x)
(V)  HZ, i (x) = 2x“HE(x) — a T, (H& (x))
(V) HE(x) = (—a™)me* M, (e™™

) HE(x) HE(x)e ™" “d,(x) = 0 m;tnanda—m jEN
(Vi) [° HE(x) HE(x)e ™" d, (x) = ;2”n!\/ﬁ m=nanda = Tlﬂ jEN
Proof.

(I) Proof is obvious.
(Il) Let m be even. Then, H%(x) is found by the help of (19). Applying conformable derivative to
(19), we get

T (H (x)) = 2ma (_2)%("1 _ 1)” [xa + 2221 (( 1)k 2 (m(zzk)+§;r'l Zk) (2k+1)a]]

For m — 1 is odd, we can write
T (HE(x)) = 2ma HE _; (x).

Conversely, let m be odd. Then HZ(x) is found by the help of (20). The conformable derivative of
order a is
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m-1 Ky, _ _
T (HE.G0) = 2ma [(—2)" 5 (m — 201 [1 pye ((_1)k 2K(m 1)(m(27()).!..(m 2k+1)) x(Zk)“]].

For m — 1 is even, similarly, we can write

To(H7 () = 2maHy,_; (x). (21)

(lll) We use induction to prove. For m = 1, property is provided. That is

T(HE(x)) = 2a.
Assume that the property is true for m = n. That is

"T,(HE(x)) = 2"nla™ (22)
From (Il), we have

To(HE 1 (X)) = 2(n + DaHE (x). (23)
Applying conformable fractional derivative of order a, n times, we get

MIT(HE (X)) = 2(n + Da "T(HE(x)). (24)
Substituting (22) in (24), we obtain

T (HE L () = 2" (n + Da™L. (25)
Hence, proof is completed.

(IV) For HZ,,(x) is a solution of (18), we can write

T (HE 1 (X)) — 2axT (HE 41 (%)) + 2a*mHE 1 (x) = 0. (26)
Using (Il), we have

HE, 1(x) = 2x“H%(x) — 2mH% _; (x). (27)

(V) Using (21) and (27), the result is found.
(VI) We prove by induction. For m = 1, the property is provided.

Assume the property is true for m = n. That is

HE(x) = (—a~)"e*™ "T,(e*™). (28)
If (28) is substituted in the property (V), then

H,'fﬂ(x) — (_a—1)n+1ex2“n+1Ta(e—xz"‘)
is obtained. Hence, proof is completed.

(VIl) The definition 2.1 is given for x > 0. To avoid the problem of being undefined on (—«, 0], we

assume a = Zjlj with j any natural number. Since H%(x) and HZ(x) are solution for the

equation (18), respectively, then
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*T(HE (X)) — 2axT,(HE(x)) + 2a?mHE(x) = 0

*T(HE (X)) — 2axT,(HE(x)) + 2a?mHE(x) = 0

Multiply (29) by e"‘mH,‘f(x) and (30) by e"‘Z“H;;‘l(x) and subtract the resulting equation to get

T, [e " Ty (HE () |HE (x) — To[e ™ T, (HZ (x))|HE (x) + 2a2(m — n)e™**“HI(x)HE (x) = 0

If we apply the fractional integral to equation (31), then we get

f (Tule ™ To(HE GO HE () = To[e ™ T, (HE () [HE () dux

+ 2a?(m — n)f e "HY(x)HE (x)dyx = 0

(29)

(30)

(31)

If we apply fractional integration by parts to the first fractional integral in the above equation, we find

the result of this fractional integral as zero. Hence proof is completed.

(VIII) The definition 2.1 is given for x > 0. To avoid the problem of being undefined on (—<, 0], we

assume a = ﬁ with j any natural number. Let us define
b = [ HAG) HEe ™ 4,0
Then
oo = [ HEAG) HEG (e 40 = 0

Using the property (IV), we get

J7HE (0 (2x*HE (x) — 2nHE_, (%) )e ™ “dq (x) = 0.

I 2xCHE [ (O)HE(x) e “dg(x) = 2nly_yp_y.

Recall that
HE(x) = (—a~Hre*™” "Ta(e_"za).

Thus, equation (32) becomes

G G 2x“e"2“(”_1Ta(e‘x2“))( "Ta(e‘xm)) de(x) = 2nly_q py.

Note that

1

207 T (65) = 2T [er I (6] - - on T (o),

Then, equation (33) becomes

(32)
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fm (a,—l)ZnexZ“ nTa(e—xz") nTa(e—xZ“)da(x)_(a—l)Zn fmTa[exzan—lTa(e—xZ“)] nTa(e—xZ“)da(x)

=2nly_ 1501

—

Using the property (IV) and integration by parts for conformable fractional derivative, we have

In_n—(a‘l)zn[exm"_lTa(e‘xza) "Ta(e"‘za ]: + f_l(a‘l)znexm"_lTa(e‘xza)"“Ta(e‘xm)da(x) =

ann—l,n—l-

We also have following equations:

f (a—l)znexzan—lTa(e—xZa)n+1Ta(e_xza)da(x) — In_l’n+1 — 0'

—(a )2 [ex**m 1T, (e7%7%) "Ta(e"‘za)]l =0.
Hence, recurrence equation
In,n = 2n1n—1,n—1

is obtained. Repeating this operation n times
yields the result

ITL,TL = Znn! 10,0

where

w 3 p=
loo =f e d,(x) =%

Hence proof is completed.
5. CONCLUSION

In this work, we give power series solutions
around an ordinary point in homogenous case of
sequential linear differential equation of
conformable fractional of order 2a with variable
coefficients. In addition, solving Hermite
fractional differential equation, we obtain Hermite
fractional polynomials for certain initial
conditions. It is appeared that the results
obtained in this work correspond to the results
which are obtained in ordinary case.
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