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Abstract

The paper analyses transmission lines terminated byneamlioads situated as followSC-
loads are connected parallel ahdoad is connected in series to them (Fig. 1). Firs,|w
formulate boundary conditions for a lossless transmisgioa system on the basis of
Kirchhoff's law. Then, we reduce the mixed problem foe system in question to initial valye
problem for a neutral system on the boundary. We introduaparator in a suitable functign
space whose fixed point is a periodic solution of theraéaystem. The obtained conditions are
easily verifiable. We demonstrate the advantages of etlod in Numerical example.
Keywords: Lossless transmission line, Mixed problem for hyperbolgtesy, Neutral equation,
Periodic solution, Fixed point theorem, Kirchhoff's law.

1 Introduction

The transmission line theory is based on the Telegraghetiens,which, from a mathematical
point of view present a first order hyperbolic systesh partial differential equations with
unknown functions the voltage and the currélitie subject of transmission lines has grown in
importance because of the many applications [1-9].

In our previous papers we have considered lossless and lossyissios lines terminated by
various configurations of nonlinear loads — connected in serieslgba@inected, and so on [10-
16]. The main purpose of the present paper is to consiliEskess transmission line terminated
by nonlinearRGClL:loads placed in the following way3C-oads are parallel and connected in
series toL-load (Fig. 1). Such- @onfiguration arises when considering the nature of the self-
excitation of atube generator containing a self-bias element in a gridiitift7]. Such-a
configuration is alsa basic element of a diode detection circuit [17,18].

The first difficulty is to derive the boundary conditions asoasequence of Kirchhoff's law (Fig.
1) and to formulate the mixed problem for the hyperbolitesysThe second one is to reduce the
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mixed problem for the hyperbolic system to an initial valulgm for neutral equations on the
boundary. We overcome the last difficulty using the basic rek@jtgnd the recent result [20].

Finally, we have to introduce a suitable operator whose fp@dt is a periodic solution to the
problem stated. By means of the fixed point method [21]phltain an existence-uniqueness of
the periodic solution.

The paper consists of six subsections. In SubsectionoB.1the basis of Kirchhoff's law, we
derive the boundary conditions and then formulate the mixed pnofdethe hyperbolic system
or the transmission line system. In Subsection 2.2, weceethe mixed problem to an initial value
problem on the boundary. In Subsection 2.3, we analyse #ieganionlinearities and make some
estimates which we use further on. In Subsection 2.4, wedlinte an operator presentation of the
periodic problem. The key role is played bgmma 4.3: the operator has a fixed point iff the
neutral system has a periodic solution. Subsection 2.5 psnggime technical preliminaries,
namelyLipschitz estimates of the right hand sides of the egostiSubsection 2.6 contains the
main result — existence-uniqueness theorem foeraodic solution of the neutral system. Finally,
in Section 3, we demonstrate how to apply our results tafsppmblems verifying only a system
of inequalities.

2 Main Results

2.1 Derivation of the Boundary Conditions and Formulation of the Mixed
Problem

Let A be the length of the transmission line ahg A/(1/+/LC) =AyLC , whereL is per unit-
length inductance an@ — per unit-length capacitance.

In accordance tiirchhoff's V-law (Fig. 1), we have to collect the currents of treneintsG

and C, andafter that to collect the voltage @ ,C, with the voltage ofL, (p=01).

i(t)

u (x.t)

i - S50 0 S U S T .

Fig. 1. Losslesstransmission line terminated by nonlinear loads at both ends
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We assume thaGp ,Cp and Lp are nonlinear elements, that '@,p :Gp(u),Lp :Lp(i)

Cp =C,(u) are nonlinear functions, a@}, (Ugpcp) = UgpcpCp (Uspep) - SO we have

. d(UGcC (UGC)) dc (Ugpcp)
op =Gy (Ugpey)r icp = pcp-p7Gpcp)) - “-pTGncp)

dt dt
dC.. (Ugoer) d{uepeCo (Usnes))
: _: - p\“Gpcp/ _ Gpcp~p\YGpep// _
lepep =lep tlep _Gp(quCp)+T_Gp(quCp)+ at =
dCy (Ugpcp) Ugpc dé(uec)duec
-G.(u +u pircrce’ | = 6% 5 (u 4~ p\¥GpCp pCp
p( GpCp) l: GpCp dquCp ( GpCp) dt p( GpCp) dquCp dt
For the left end we havigy, (t) =i(0,t), Ugyc, (t) =u(0,t) and therefore
dCo (Ugyey) dugyc,
[ GoCo du—OO + C0 (uGOco) 0 = ! (01 t) _GO (UG()C()) .
GoCo
Kirchhoff's voltage-law yields
uOt) =uy, +Ugyc, () — Eo(t) (1.1)

and then, in view of
g (igycy) _ d(Lo(igycg Megc)

u
Lo dt dt

we obtain

[i on®e O t»} LY — 10, ~teey © + Eo0).

GoCo

Finally, we have to solve the system

dueoco
dt

dCo (Ugycy) .
{ GoCo ———0 =1(0,1) =Gy (Ugycy ) »

d Uggco

+Co (Ugycy )jl

GoCo

[ 0,1 L tO) d"o UGBS t))} BOY _ 0.t) - uge, 0 + Eolt).

For the right end we havig, ¢, (t) =i(A,1), ug, (t) =u(A,t) and therefore
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d d
{Uelcl 9Glleg,) + Q(Uelcl)} teor - (A1) +Gy(ug,)

dug,c, dt
[w\ 9 SLAD 4, t»} Y - un D+ 0-E0.
ac,

Here E,(t),(p = 01) are source functions connected in serieRGCL-loads.

Now we are able to formulate the initial-boundaaiue problem (or mixed problem) for the
hyperbolic transmission line equations: to findofuson (u(x,t), i(x,t)) to the first order partial

differential system of hyperbolic type

ou(x,t) +I_6i(x,t)

=0,
.at oX (1.2)
di(x,t) +C ou(x,t) -0
ot 0X
for (x,t)0M ={(x,t)OR?:0<x<A, t =0}, satisfying the initial conditions
u(x,0) = ugy(x), 1(x,0) =iy(x) for xO[0,A] (2.3)
and the boundary conditions far=0:
d d
l: GOCO% Co(”qg,)}% =i (01) =Gy (Ugyc,):
“ (1.4)
. d
{. o9t O s 0 t»} 90D =40, -ug, 0+ Eo)
GiCo
and for x=A:
d du,
{ s, if;q) +Cl(uqq>1T =i(A)-Gy(Ugg).
(1.5)

dLy (i(A. D)
g

DL t»} GO - 400+, 0-E 0.
)

{i(/\,t)

2.2 Reducing the Mixed Problem to an Initial Value Problem on the
Boundary

We proceed from the lossless transmission ling,ishérom the system:
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ou(x,t) +L di(xt) =0,
ox ot

0i(x,t) +C ou(x,t) -0 (2.1)
0x dt

Rewrite system (2.1) in the form

u(xt)  10i(xt) _ g
ot C ox ’
(2.2)

\/7 di(x,t) \/7 ou(x, t)
LC

Adding the above equations, we get:
1 du(xt) -0 =

di(xt) , 1ai(xt)

au(x,t)+ L s
ot C ot C o0x JLC  0X

0 0

E{u(x,t)+\/7 i(X, t)) J_ = {u(x t)+\/: |(xt)J

Next, we subtract the equations of (2.2):

1 du(xt) 0=

au(xt) \/70|(xt) 1ai(xt)
C ox 4JLC ox

0 L. _
E[U(X't) (l(xt)J \/_a { (x,t) - \/;|(x,t)]—

and then, in view of the usually accepted denatatiy, =+'L/C, v=1/vVLC, we get

9 (u(x.t) +Z, i(x,t))+vi(u(x,t) +Zoi(xt))=
ox (2.3)

i(u(x t)-Z, i(x,t))—v%(u(x,t) -Zyi(xt))=

Let us put

U(x,t) =u(xt) + Zgi(x,t),
[(xt) =u(x,t) —Zgi(x,t) -
u(x,t)}:{ 1/2 1/2 }{U(x,t)}

U (x,t) _ 1 Zy |u(xt) and
i i(x,t) [(xt)

that is{
I(x,t) 1 -Z,| i(xt) 1/(2z,) -1/(2Z,)
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u(x,t) :%U(x,t) +% 1 (xt),

1

i(X,t) :f
0

U(x,t)—%l(x,t).
0

Then (2.3) becomes

U (x,1) +V6U (xt) _
ot 1)4

al (x,1) _Va| (x,1) -0
ot ox ’

01

The characteristics of the system are the familfesraight lines

X—vt=constx+vt=cons.

For X =0 and x=Awe have

U@y, 10D

u.1) :#Jr ! (g’t), i) =

22,  2Z,
u(A t):U(/\,t) LAY m t):_U(/\,t) RGN
' 2 2 Y 27, 27,

Substituting in (1.4) and (1.5), we obtain

déo(ueoco) dugc, _ U@t + I (0,t)

- -Gy(Ug ),
duge,  dt 22, 2z, o(Uac,)
o [_u oy, | (o,t)J
0
22y 2Zy Jd( U@©t)  101))_U@t) . 101
— | - + = + =-u t)+E t,
dig,c, dt( 2z, 22z, 2 A 24
dCy(ugg,) dugc, __UAY + (A1) ~G,(Ugc)
duge,  dt 2z, 2z, o °9”
o[ LU 1A
o2z, 2z, )d

_[_U(/\,t) . l(/\,t)J = HAD _TAY Ly -E),

digc, dt\ 2z, 2z, 2 2
But U (0,t) =U(A,t+T), 1 Ot +T) = 1 (A,1).
It follows thatU (0,t = T) =U(A,t), 1 O,t) = 1 (A,t=T).

We assume that the unknown functions are
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U @Ot)=U(t), I (At) =1(t). (2.5)
Consequently,

U@OD+IO1) _U@®+1(t-T) UAD+IAD _UE-T)+1()

u(ot) = , UA ) =
2 2 2 2
09=-200 10D __ VO 1T 5 UAD, 1) __UE-T), 10
27, 27, 27, 27, 27, 27, 27, 27,

Solving(2.4) with respect to the derivatives, we reachsystem:

dugoc, 1 _UQOY , I(AL-T)
dt 'dEO(ueocO)/dueoco[ 27, T 2z, Collegco) |1
du(t) _dit-T) _ 27, U , 1t-T)
(V0T [ e8]
o0 2z, 2z, GCo
dugyc, (1) _ 1 _ue-m, I(t) Gy(lag)
dt dC; (Ugyc, )/ dUgycy 224 o
d(-UQOt-T)+1(AD))_ 1 ue-T) 1@t
dt[ 22, J_df UL 10 g ( R RUSC)
o2z, 2z,
Then, in view of (2.5),
dugoc, (1) _ 1 U@ It-T)
dt 'déo(ueoco)/duGoco( 27, t oz, Golleoco) |
du(t) _dit-T) 27, U , 1t-T)
U1 ( 2 2 UG°°°(t)+E°(t)j'
o 2z, 2z, ‘oo
dugc, (1) _ 1 _ue-m, I(t) Gee) |,
dt dc; (Ugyc, )/ dug,c, 224 hae
di(t)y _du(t-T) 27, _uE-T) 1@
Gt T UE-T), 10 [ > 5 — g, (t- El(t)j
dLl - 7220 22 /d G].Cl

Obviously, the system obtained is a neutral oné wéspect to the unknown functiobqt) and
I(t). In order to formulate conditions for existencequeness of theeriodic solution, we
translate the initial functions along the charastas from [0,A] O Ox to [0, T] O Ot.

The initial functions defined of0, T] O Ot are denoted b, (t) and I(t) .
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2.3 Analysis of the Arising Nonlinearities
First, we precise the definition domains of thedlions:

dC, (u) _d(C, ()
dt dt

(p=0D,

c c o
where Cp(u) P P P , Cp >0, CDp >0, h(O[23] are constants
\/1 u/o,) \/cn -u

|ul < @ < min{®,, ®;}. We have to show an interval far where

ép(u) =uC,(u) = ch/cb_pﬁ
P

has a strictly positive lower bound.

First, we calculate the derivatives

dC, (W) _ G/, (o —U)_lihh A, oo, ELTREpE
P

du h du? h h
dC, (u dC,(u

p():Cp(u)+u o) _

du

1+h

=, @, (®, ~u) T+, 4, e -uf W =cpye, (o, —u)‘ﬁ‘l[d:p —(1—%juj :

2~ 2
d°Co() _,dC, ) | d°Co() _ ol

P uh o Cpli®y 1+h -
®,-u +u —I\®,-u =
du? du du? e @emu @
2c ho
:#(q, +1uj,
1+2h p h
h(CDp—u
Since |u[ < ¢ < min{®g, @y} < min{hi_ltbo, hh 1¢1} , the denvatwe% >0. Then

mln{C (u):u0[- ¢b¢b]} ml”{CpQ/_m p\/_

Further on, we have

3 ZCP‘/_ ||1+h2ch o 2cpf\1/_[h |u|1+h)]<
R e e

"Iy, +¢b| Mo, +@

©)

|4
|du

and

| |} W b _ =C,>0.
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2cpr\1/_[h( ; %)+¢b(1+h)] 2¢, /@, (ho, +ga)
h (@, - g 0 o, -af™
dCp0) _ 264y n-@rnu
du h(CDp—u)%*z h
p\/_ h®, +(h-De e
(@, @)

m
For the | -V characteristics, we assun®g(i) = > r%i", (k= Gihd L, ()= Zl(p . Then
n=1

For —gsusg< m|n{hh1 qJO,QJl} it follows that

Therefore,min{ép(u): ul[-%,. »] } =6p(—¢b) =

Lo@)=i.L,0)= if]gmi“.
n=0

dL (I) IdL (I)+L ()—|an(p +§|ép)in:§(n+l)|,(1p)in

For L p(i) we get——
di di n=1 n=1

Assumptions (L): fit)<lo<e = dL,(i)®)/di :§(n+1)l,(1p)(i(t))” 2L, >0

n=1
.
Assumptions (C): |u(0,t)|sw<¢b (A1) < #_%;
. Mo\, +J . Hlo (\, +J
||(0,t)|s%oo)slo; ||(A,t)|s%ﬂslo;

Assumptions (G): Go(ig,) = zg@(n%)” Gyligy,) = zg“’o%)”.

We introduce the sets:

Mo =1 Ugen (0 DCHT,%): fuseq (0] S U@ ™) L OIT +KTy T+ (k+1To1
My :{ U()OCE[T,e0): U (1) <Vee! T K0 t O[T + KTy, T+ (k +1)T0]},

M :{ Ugc, (1) DC%O [T,): |uGlCl (t)| < Uele#(t_T_kTO)'t O[T +KTo, T+ (k+1)To] }
M, :{ 1()OCE[T,00): [I(t)] < Jpe’t T ™) t O[T +KT,, T+ (k +1)T0]} ,

where IGO Vo, IGl,TO, M are positive constants (chosen below). We intredtlee constant

Ho = {To.
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The setMyxM xM;xM, turns out into a complete metric space (for det@0]) with respect
to the metric

Pu(Us,e, Utsg s (e, U Tag, 1)) =
=max| A, Togc,)r P (g, e, AUU), AR U0, Aluge, Tog,), A (Usg, Usg,)
p(ll),o (II) k=0L..m-1

where

% (Usgen Bsgeo) = MaUsgen (1) = Bac (O] tOIT +KTo, T+ (k+ITyl},

POU,T) =mafu ) -0 @) L O[T +KT,, T+ (k+ DTy},

P (Ug,c, Tg,c,) = ma><ﬂuGlcl (t) = Ug,c, (t)| O[T +KT,, T+ (k +1)T0]},

oM, = maxﬂl () =T (O] :t O[T +KT, T + (K +1)TO]},

PlUsyeo Togoo) = Me{ussc () = Tggeo )t O[T 2T},

HU,0) = maﬁu ®-0@):t D[T,ZT]},

BlUsyey Toyey) = MU, (0 = Tgye, (]t 0T 21}, A1) =madi - T)] :torT 271},

P (Usocy Tegeo) = max{e =T kT°)|uGoCO (t) = Ugyc, (t)| tO[T +KT,, T + (K +1)TO]}

P (Usgey  Usgeg) = ma>{e H-T- kTO)|uG0CO (t) = Ugyc, (t)| O[T + KTy, T +(k +1)TO]},
U,0) = made T (1) -0 (0] L O[T +KTo, T+ (k+T,]],
PP U,0) = max{e M- - kTO)‘U -0 (t)‘ O[T +KT, T + (K +1)T0]}

P (Ugyc, Tgye,) = max{e H(t-T-KTo) |uGlCl (t) ~Ugyc, (t)| tO[T +KT,, T +(k +1)T0]}

P Uy gy ) = Made T D o () =gy, (O]t OT + KTy, T+ (k+ DT, 1,

PR, = may{e HETHTON | (1) = T (0] -t O[T +KTo, T+ (K +1)T0]}

P, I)—max{e H(E=T =KTo) ‘I(t)—l(t)‘ tO[T +KT, T + (K +1)T0]}
Remark 3.1. It is easy to verify that

/B(UG()CO ’UG()C()) = ma){p(k) (UG()CO 'UG()C()) k= 0,],2,...,m—1} )
AU.0) =madp®U,0):k = 022,...m-1},
PUgyc, Ugyc,) = max{p(k) (Ugyey Tgyey) Tk = O,],2,...,m—1},

A1) =mad o™ (1,1):k = 02.2,...m=1f, p% (Ugycq.Togey) < €0 8% (Usgcy Togc)
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POU.0)=ep0U.0), P g, Tayc;) < €00 (Ugiey Toycy )

PN, e pl0(1T),

Plugc, Usc,) = max{p(k) (Ugc, Tac,) k= O;L2,...,m—1}s

<eho max{pﬁ,k) (Ug,c, Usc,) k= O;L2,...2m—1}s ep, ((uGOCO U Uge 1), (Tgc, ,LT,UGpl , I_)),
pU,U) = max{p(k) (U,U):k= O,],2,...,m—]}s

< et max{p/(,k) U,0):k= O;L2,...,2m—]}s e”Opﬂ((uGOCO U Ugc . (T, U.lg,» I_)),
Plugc Ugc, ) = max{p(k) (g, Usc,)) k= 0,],2,...,m—1}s

<eho ma><{pflk) (U, Ugc,) k= O;L2,...,2m—]}s ep, ((uGOCO U,uge 1), g, ,U,Uelcl, I_)),
DE max{p(k)(l 1) ik= O;I,2,...,m—1}s

<0 maxp(1,1) 1k = 012,...2m-1}< €05, (Usyeg U Uoyey 1) gy U Tagey 1))

2.4 Operator Presentation of the Periodic Problem

Now we formulate the main problem: to findTg-periodic solution(uGOCO .U @), ugg, (1), I(t))
of the system:

dugc, (t) _ 1 _um  1e-T)
dt _dCO(uGOCO)/duGOCO( 27, oz, Colac) )
du) _dit-T) _ 27, u , 1e-T)
@ - _L@+|(t—T) » ( > + 5 UGoCo(t)"'EO(t)jl
o0 2z, 2z, o
dugc (t) 1 _uE-T) I
dt 'dcl(uelq)/duqq[ 22, 2z, Gl(uelcl)j’ @
di(t) _ dU(t-T) 27, UE-T) 1) _
d A U, 10, ( 2 2 ”qu(t”El(t)J’
"2z, Taz, ) on
Ug,c, (M) =uSe UM =U Q1) tO[0T]; uge, (M =ul ;1) =19, to[0T].

By C%O[T,OO) we mean the space of all continuolig-periodic functions with piece wise

continuous derivatives. The main difficulty is tdfide a suitable operator whose fixed points are
the solutions sought. The operatorB=(B,,B,,B;,B,) is defined for any

tO[T +kTy, T+ (k+D)T,], (k= 012,...,m-1) by the formulas (assuming thaé?CO (M =0,

u@m=ouf) =019 =o0).
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t T+(k+D)Ty
B (ug,c, U. ()= jk U, (95~ — Jk Ug, (9)ds,
T+kTy T+kTy

LT kT, T (9

t-T-KT,
T,

B (Ugc, .U, )= ju (s)ds-

+ 0 +
' tkTo Ll(fil)T (4.2)
(k) . t _T - kTO 0
BIY(U,1,ugc )t):= [Ug (s)ds-————2  [Ug(s)ds,
T+KT, 0 T+KT,
t T+(K+)T,
t—T-KT, 0
BIYWU,1,uge )®):= [1(s)ds- T—O [1(9)ds,
T+kTy 0 T+kTy

tO[T +KkT,, T +(k+DT,] (k= 012,...m-1) , where the functiondJ(t-T) and I(t-T) are
replaced by the initial functions on the segmi@h®T] translated to the right, that is

U(t-T)=Uy(t), I (t-T) =y(t), tO[T 2T]:

oy o 1 _u®m, T _
UGo(UGOCOvUJo)(t)—dﬁo(ueoco)/dueoco( 220+220 Go(UGoCo)Jv
F i = Go®) _ 22, u@ , To® _
U, U o)) == - 00, L0 p [ > T UGoco(t)Jon(t)],
o 2z, 2z,) o
j - 1 _Ue® , 1O _
UGL(UO’UG&")“)_dEl(uqu)/duqu( 22, 22, Gl(”GlCL)J’
5 _dU,(®) 2z, Uo(®) , 1) _
[Ug.Ugc,. 1) = m +d|: _Uo(t)+m - [ > + > “qu(t)+E1(t)J'
N2z, 2z,) &%

From now on, the following assumptions will be filgd:

(E): Ep() DC%O [o, oo),(p = 01); |Ep(t)| <U Epe,t/(t—T—kTo) Svoe/z(t—T—kTo);
(IN): Ug().1o()OCE[OT], T =mTy, [Ug(t)| < e Ve ™0 |15 (t)| < e 3P
(k=0L2,....m-1) where 3 =const>0 is chosen below.

It follows that | Uo(t)| < e Py eHt-T-KTo) |ro(t)| <P T (k = 012,... m-1).

Lemma 4.1. If (E) and(IN) are satisfied anqug,c,,U,Ugc,,1)OMgxMy xM;xM, , then
operator functiond) g (igy,,U, 1)t U (Ugycy U, 1), Ug U, Uug e, M), TU,Ug,,1) are

Ty -periodic ones.
The proof is omitted.
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Lemma4.2. If (Ugyc, .U, Ugc, 1) OMgxMy xM; xM, , then
(Bo (Usgoo U+ 1)), By (Usgeg U 1), BuUL 1 Ugie O, B U, 1 Ui ST Mo x My XMy x M.
Proof: We notice that

Bo(Usyco U (1), By (Uggey UL (M), Bi(U, 1, Ug e (1), B (U, 1,ug e )(1)

are continuously differentiable functions. Indeed,

T+kTp T+(k+)Tp
. T+KkT, - T —KT, .
BYY (Usgee U DT +KTo):=  [Ugq (irgy U, D(S)ds= ————2 [Ug, (irgi,.U.1)(9)ds =0,
T+kTp 0 T+kTp
T+(k+)Tg
BY (Usgeo U DT+ (K+DTo):=  [Ugy (iggry U, 1)(9) =
T+kTp

T+(K+DT, T -kT, 00
_TH )Ts ©  [Ugq (irgLe Y. 1)(9)ds =0,

T+kTg
T+(k+)To
BSU g, (irgLe U (T +(k+1Ty):= (ka;GO(iRO,_O,U,I)(s)ds—
T+(k+)Tp

T+(k+2)Tg
T+(k+D)T, -T - (k+ T, . N
- OT 0 [Ugq (irgLy-U.1)(s)ds =0.
0 T+(k+)Tp

For the derivatives we obtain

dBék) (Ugc. .U, D®) ) q THEDT,
GiCo =Ug, (i, U NM-=  [Ug (ir., U.1)(9)ds,
dt To ri
0
dB(()k+l)(u U, D@ _ 1 T+(k+2)To _
Gé)fo =Ug, (iryLy Y. D) — — ,[UGo(lRoLovunl)(S)dS

0 T+(k+)To

and therefore

dBY (Uggeo U, DT +(K+1D)Ty) _ THDTo
0Co = =UGO(IR0|_0,U,I)(f+(k+1)To)—T—0 Ti%Go('RoLovU")(S)dS =
T+(k+2)T, dB® (y Ul +(K4DT
=Ug, (ige, U, T +(K+DT)=—  [Ug (igy, U.1)(9)ds = By~ (g, : )T+ (k+1)To)
0 T+(k+D)T, t

Analogous reasoning’s might be applied to the dperfanctions
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By (Useco U (), BuU  Ugc, (1), B (U ugc, . () -

Itis easy to verify that i{ug,c, (t),U (1), Ug,c, (1), (t) are Ty -periodic functions, then
Bo(Usgeo U (), By (Uggeo Uy M), BLU, Ugyep (1), B (U, Ugyey ()

are T, -periodic too (on[T,®) ).

Lemma 4.2 is thus proved.

Remark 4.1. We use the inequality

e™lo _1 (e/lTo _1)(e(n—l)ﬂTo +e"=24To .+]) (eﬂTo _1)ne(n—l)ﬂT0
= <
n n n

= (eﬂTo - l)e(n-l)uTo )
Lemma 4.3. The periodic problem (4.1) has a solution

(Uggeg Y Ugcy - 1) Mg x My XMy x M,

iff the operatoB has a fixed poin{ugc, .U, Ug,c;, 1) IMg*My XM xM, , that is,

Ugoco = Bollgyeg U 1): U = By (Ugycy U, () Ui, = BiU,Ugc, 1), 1 =B U, g, . D) -

Proof: Let (Ugyco U, Ugyc; 1) EMoxMy xM; xM, be aT, -periodic solution of (4.1).
Then, after integration of the first equation, ve/é (ug,c, (T) =0):

t T+(k+DTy T+(k+D)Ty
Uge,® = [Ug Mdt=uge (T+(k+DTy)=  [Ug (Ddt=  [Ug (t)dt=0.
T+kTy T+kTy T+kTy

t
Therefore, B (Ugycy U, 1)(t) = [Ug, (s)ds . Analogously we obtain
T+kTp

t t t
Bﬂk) (uGoCo U.Do= .[U (s)ds Bl(k) u ’UG101’ )= .[Uel (9ds B|(k)(U ! uG1(:1’ )= .[I (s)ds
T+kTp T+kTp T+kTp

that is, (Ugycy U Ugycy - 1) DM x My XM xM, is a fixed point oB.

Conversely, leB have a fixed poin{ug ¢ ,U,Ugc ,1)OMgxMy xM; xM,. Then
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T+(k+1)To T+(k+)To T
_ 1 U(s)| |lo(s

[Ucg (Uoge Us To)(9dg <= | %JZZ |+|Go(uGOCO(S))| ds<

T+kTo 0 T+kTp 0 0

T+(k+1) T —T -k — —T-K

<i +(k+)Tp Voe,u(s T-KTo) o ﬁJoe,u(s T-kTp) m © n 3
<= + + n [Usyco (S)| [ds<

Co T4km 2Z, 2Zq

v, T e By THKHTo T+(k+)To

<_ Vo I eH(sTK)4g+ = Y0 I (s T-KTo) g + z|g | I Ugoen#(S—T—kTo) <

CO 220 T+kTp 2 0 T+kTp n=1 T+kTp
s Vo €M0-1 ef -1 1 © e””TO -1_
T 2Z,Cy M 220(:0 u (:0 e o

Vo_ e -1 eﬂJOe/‘O— 1e”0— m

0) n 1) 1To
< g <
2Z,Co M 2zoco U c0 " 'J

e —1(Vv, +e#J _
Lo Sigois o |,
yr.on 2Z, n=1

2

T+(k+1)To ~
JU (Ugyeq U To)(9)ds <
T+kTp

THTO o7 T (| lo(s)
.[ ng)% <Ly J‘ [ (S)‘ ‘O ‘ uGOCO(S)+EO(s)st<

T+kTp LO T+kTp

TH(k+D)T, — -5 1
2o O[V°+Joe‘?+uGO+UEo}“‘S'T‘”°)dssZ°(V°”°e fZL’Go*ZUEo)e”"‘lEMU(u);
2

Lo 1 2 Lo H
T+(k+1)To T+(k+D)To /5
- 1 Uy(s)  I(s

[Ug, W U, (S | [% 19 Gl<uelcl<s))j

T+kTg T+kTg 0

et -1 Ve P +J,
N L L T N

1o} 2Z4

ds 2

T+(k+1)To_
[1WUog Ugyc, . 1)(s)ds <
T+kTp

T+(k+)To 45 T+(k+1)To U |
7 ), % 2] [ o(9) \(s)\ +lueyey 9]+ El(s)]ds<

T+kTp Ll T+kTp

< Zo(\/oe_ﬂ +JO +2lJ61 +2LJE1)eiUT0 _1

= =M, (1)
L '
T+(k+1)Tp
If we assume th jueoco(s)d # 0 in view of I|m MUG (1) =0, we obtain a
T+kTg
contradiction. In the same way, we conclude that
T+(k+1)Tp T+(k+D)To T+(k+1)Tp
[u(9dg=0, [jug ®ldt=0,| [i(s)dg=
T+kTp T+kT0 T+KkTg
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Consequently, the components of oper8tbecome:

t t
Ugyc, (t) = J.UGO (i, U, lo)(s)dt, U()= IU(UGOCO,UJO)(S)dS-
T+4KT, T+KTo

t t
Uge,® = [Ug UgUge, 1)(9)ds, 1(1)= [IUg,Ugg,,1)(s)ds.
T+kTo T+kTp

Differentiating the last equalities, we concludattf4.1) has &, -periodic solution.
Lemma 4.3 is thus proved.

2.5 Lipschitz Estimatesfor the Right Hand Sides of the Operator

First, we notice that

0Ug, (Ugece YsTo) _ 0 1 [—U(t)+|‘0(t)_G © )J _
gyc, gy, | ACo(Usye, )/ dusyc, 27, 0%"GoCo
_ 1 dzCo(UGOcU)[—U(t)+ro(t)_ G )]+ 1 [_dq)(u%)];
(déo(ueoco)/ digc, Fooage 2Z, %7) " dColuge,)/duge, | dieg,)
aUGO(UGOCUvUer)_ G} 1 —U(t)+1,(t) _ 1 1 .
au “oU| oc /d 2 ~Golac) |\ =75 @ ’
o(Ugc,)/dusc, Zo Zq dCo(Ug,c,)/ dugc,
0U(Ugyco UsTo) 0 | diy(t) 27, [U(t) Lo _
= - - =2 Uy, (0 Eo(D) || =
OUg,c, OUg,c dt (U@ | ®), 2 2 CoCo
. . d"“[ 27, ' 22, J/dIGOCO
_ 27, ,
~S(LU®, O ),
dLO[ 27, + 27, ]/dIGoCo
U (Ugge Ui To) _ @ | di@®) 27, u@) , T _
U _aU dt ~[ U(t) Fo(t)] . 2 + 2 uGoCo (t)+E0(t) =
dig| ——2 + /di
2Z, 2Z,) G
dLZO[—U(t)+|—O(t)J
1 2Zy  2Zy J(U(t) Tyt
=T - 2 - . ( ;)’f 02()‘U60c0(t)+Eo(t)J+
oy -2 1 oO | eoco
o 2z, 2z,) ©o
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+ ZO .
S (_U ), T ),
dLO( Z—ZO+ ZZOJ/dIGOCO
0Ug Ug,Ugc,.1) @ 1 ~Uy(t) +1(t) ~
= = ~Gugc,) || =
OUg,c; 0Ug,c, | dCy(Ug ¢, )/ dug ¢, 224
1 d°Cy(ug,c,) [ -U,(t) + 1 (t
iy g Cl2GlCl ( 0;; ()_Gl(UG1C1)J+
(0 (g Uy, f - ey 0
1 _dGO(Uqu) .
dC,(ugc, )/ dugc, duge, |
0Ug WUgUge. 1) 9 1 Uo®) . 1(t) 1 1 _
al “alac - +7‘G1(Uelcl) o A a4
Cilue)/duge, | 2Z, 27, 2Z, dC,(Ug,)/ dug,
0l (Ug,Ug,c, 1) __ 2Z, _
Qg ~(_U® 1), 4
-1 dLl[_ZOZO +2720 /dIGlcl
AU ) 1 dz[l[_ljz()z(t)+lz(zt)j Ut) . 1(t
O’GL:G]-C:L’ = _ 2 d.2 0 0 [ 02()+(2)_UG1C1(I)+E1(t)]+
o -0 1O, e
o2z, 2z,) A
+ _ Zo )
~(Uyt) 1)), ..
diy| =2+ 2 /g
l( 2z, +2zOJ ‘e
Since
2 ~
. {h/qnpwb] . |d2Cp(UGpCp)|<ZCphCDp(hCDp+¢b)=B
= = = d 2 = on P!
(de(quCp)/dqucp)z Colf®, @ | A, |2 o, -a
i <lo<e = dEp(i)(t)/di:§(n+1)lr(,p)(i(t))"2I:p>0,(p:O,l)
n=1
we have
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ou Go (UG()CO 7U ' I—O) 2 Vo +J e_ — _
< gto Z0 ~ Y0~ 4 (0) e Olfy. -t 1);10;
OUgqco Ao B 27, ,; Gn ( ) n ( Go)
0U g (Ugycy U To) <1 0U (Ugyeg U 1o) 22,
ouU T2z, dUg,c, T L, '

U Ui A\ X
(UGOCO 0)| Z(n_'_l)nlrgo)[vo + Joe ] eﬂo[vo + Joe +UG0 +UE0J +& .
oU (LO)Z ] 27, 2 Lo

aUGl(UO1uG1C11|)|<

OUg,c, |
2 V, e -1 (n-Dyg.
A Bl[e#o Vo€ ~ *+Jo ~ ( ) e J nlg® (Uel)” ko -
Zg
auel(UOvuelc1:|)| 1 a'(UOvuelclvU <22 .
0ug,c, | 220 0Ug,c, L
A (Ug,Ugg,.! m B3\ -5
9 (UoUsg, 1) OaIGlcl ) <}22(n+1)nlrﬁl)[voe +J°] e"o[voe *Jo +UGI+UE1]+ZA°.
L1 n=1 2ZO 2 L1

2.6 Existence-Uniqueness of a Periodic Solution

Here we formulate the main result concerning asterce-unigueness tife periodic solution to
the obtained neutral system.

Theorem 6.1. Let the following condition$L), (E), (IN), (C) and(G) be fulfilled.
Then there exists a unigiig-periodic solution of (5.1).

Proof: We show thatB mapsM, x M, xM; xM, into itself. Indeed, in view of

t_T _kTO

0

<LtO[T +KT,, T+(K+D)T,],

we have
t T+(k+)T,
B8 (s, U NO)s| [Ug,(9d5+| [Ug,(9ds| =3;+3;.
T+KT, T+KTp
But
1 u() |o( >|
J < — G (u (S))
v C0T+JI;TO( 2Z, |0 oo |

369



British Journal of Mathematics & Computer Scien¢®)3352-389, 2013

1 t Voe/./(s—T—kTo) e—ﬂJOe;z(s—T—kTo) m n
<= + n ds<

Co T+kTg 2Z, 2Z,
< i Ie/l(s T kTO)dS+ ny(s T-kTp)

CO 220 T+kTp 220 T+kTp n= T+kT0
3 v, QH(t-T=KTo) _ 1 e ,/3J H(t=T=kTo) 1+ 1 g 0)'_1 QH(t=T=KTo) _1<
- ~ G - =

ZZOCO /I ZZOCO /J CO n=1 " 0 n/J

t-T-KTp) (t-T-KTp) (t-T-KT

< Vo eH(t-TKTo) -1, e ”y, /T K0 1+Aie” 0 1m P QDT ¢

220C0 /'1 220C0 /'1 CO /’I n:]_
< gH(t=T—kTo) ]; [Vo +e’ Jo + z|gr(10)'_180e(n-l)ﬂo }

IUCO 220 n=1
T+(k+D)To
1 U (s) 0( S)
<= | pes 7 | Jits) | +[Go(Ugqco (9)] [ds<
C0 T+kTg 0

1 T+(k+1)To Voe//(s—T—kTo) e—ﬁJoep(s—T—kTo) m o n
<— + On |uGOcO (s)| ds<

Co 1ikr 2Zg 2Zy

T+k+)To -B 1 T+(k)To T+

< 1| Vo HTKTp) 4o 4 €~ Jo [ T HD ds+2|g | [ °un 1 EHETHD)

Co 2Z, T+kTp 2Z, T+kTp n=1 T+kTo
< VO e'UTO _l e_ﬁ\]o e'UTO - P en'UTO _1 <
S 2Z,Cy M 2zoc0 u c0 = 1 o

v, efo-1 e'”TJO e -1 1M1

O n a(-DATo
>l9 € <
S2G K 2l MG u A P

0 _ wi m
< e}l(t—T—kTo) ell _ 1(V0 +e JO + Z|gr(]O)Pgoe(n—l),Uo] )
n=1

HCo 22,
Then
B8 (Uggco U 1)(O] € 93+ 2 <

ceit-Tkp) 1 (Vo+e Jo+z‘ UL 1)#0]+e,u(t-T-kTo) €01 (V0+e o, Z‘ Oz Dﬂo]<
1Co

22, S | 22
(0] - m
(t-T-ki) €0 [V +€ £, Ofyn oD H(t-T-kTp)
<e! —Tu—EZ——+anp%e <e Ug,
0 0 n=1

Further on, we have
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T+(k+D)Tp
[U(9)ds
T+kTp

1B (Ugeco U, (D)< <W, +W,.

t
[U(s)dg+
T+kTg

Now

W, < j’ Mﬁ;,ﬁ J‘ [|U(S)| |0( )| |UGOCO(5)|+|EO(S)|st<

T+kTo ds LO T+kTo 2

t -
|I (t)| 22 [ﬁ+ Jof +Ug, +UEOJeV(S_T_kTO)dss
0 T+kT0 2 2

< /T 3 oh 4 ZAZO Vo, Jo& B
L2 2

(t-T-kTp) _
+UGO +U EOJ%‘ <

Wi
< H-T=KTg) Joe_p+zo(\/0+\loe tZUGO +2UE0) :
Mg

ds 5 |UGO(:0 (S)| +|Eo(5)|}315<

T+(kjrl)T0 diy(9) % 22, T+(kJ:rlT0[|U o) | o( )|

T+kTo I—0 T+kTp

T+K+)T, _ T -3
| O[VO+ J°3 - +Ug, +UE0}“5'T'”°’dss gt &7 120 + oo e +2UE0).

B Lo 1ok 2 H Lo

Then

B (Uggeo U O] <W;+W, <

-3 B

U Lo i Lo
ZoVo + 3P + g +2U

< HTHD) 3 By ad 06/0 ® T EO) <V M TKE),

H Lo
Since

. T+(k+D)T,

‘Bl( )(U,I,uGlCl)(t)‘ jUGl(s)ds+ [Ug (9ds| =R +P,

T+kT, T+kTy
and

1 ¢ (Ul . I(s - 1 (VeeP+3, I g
PR<— f [ of ) ( ) Gl(uG_LCl(S))]dS< Ht-T-KTp) _~ [ 0 0 +z|g'(11)pgle(n 1)/10];
T\ 2o HCy 2Z, n=1
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T+K+D)To /17 o _
Pt | (O(S) 19 46, (ug, (s))]dss eT4T) € 1[V0e Z‘gmp e(n—l)uo]
T+kTy ZZO :UCl
we have

B (U1, gy O] R +Py

B _ -5
<HTwp) 1 [Voe +Jo +§\9£1)P 2 e(n—l)uo] +gtT+T) €0 1[Voe +Jo +§:‘ g '(‘l)P ] e(n—l)yo] <
K\ 22 1 e 2Z, 1

-5
< H(-TKTo) e’“f’ [Voe +Jo §|gr(11)Pgle(n—1)po < e,u(t—T—kTo)UGl'
27 -
UC, 0 n=1

On the other hand,

T+(k+D)Ty
‘B( U, 1 uGlCl)(t)‘ I(s)d [1(9ds =1,+1,
T+KTy T+kT,
and
£ odu 2z Uo(9)| |I(s
|1S J' %d “<0 | 0 | | ( )l |UG_|_C1(S)|+|E1(S)| dSS
T+kTp S Ll T+kT 2

<[Tp(t)]+ 2T ZOMe tlot Mg + 2 El) <
i

< QH(-TKT0) {V ohal ZO(VOe +‘]0+2U61+2UE1)}

L

T+(k+D)To dUO(S) 220 T+{k+1)To |Uo(5)| ||(5)|
I, < I T I 2

+luo,c, (9] +[Ex (s)|st<

T+KTp L’l T+kTp

-8
< QH-TKT) e —1Zo\Voe" + JoA+ g +2U El)'
u L,

Then
|B|(k) u, I ,uGlcl)(t)| <l +1,<

-5
< THD)|y o 4 L A +JO+2UGL+2UE1) +eTT) €0 SYA o+ g +2UE1)S
Y7, Ll H Ly

e#o Zo(\/oe +J0+ZJG]_+ZJE]_)
G

< /(t=T~KTo) [V e +=— ] < e/tTKT0) g
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We use the results from Subsection Z#en

t
|ng> (Ugee U DO = B (Uay, U |‘)(t)| < i jk|TUGO(uGOC0 U 1(8) Uy (Tgey U T)(9)|ds+
+KTo
T+(k+z)T0

[V, (e, U.1)®) ~Usg, (s, T, )(9)ds
T+kTy

+ =K; +K,.

But

t
Kis |
T+kTy

! 1 0°Colusyeo) W 9]+ o(s)
ity (0 (Uagey)  dogey || Qoce | 2o

. j _ 1 dGy(Ugycy (9))
T+kT, | 9C0 (Ugycy )/ dUg e, dugycy)
S | _ 1 |
2Z4 1./kry| 0Co Uggco (8))/ dugycy |
1

<1a%p ¢ sk Vo +J0e” + | (O anp(s-T-KT) = ds+
=5 AP I e o7 Z|gn p%e |erc0 (8) ~Ugc, (3)| S
T+kT, 0 n=1

aU GO (UGOCO ,U y | )
Ougc,

|UGDC0 (8) ~Ug, (5)| + U

u(9)-U (s)|sts

+ ‘GO(UGOCO (S))JUGOCO (8) ~Ugyc, (s)‘ds+

Usgco (9) = Usge, (S)ds+

U(s)-U (9)[ds<

t -1 _ t _
A [ 200 e (9] usoco (9~ Tageo (Slds+ oA [lU(9)~T (9)dss
T+kTg N=1 2Z4 T+kTo

1o (Votdee” &y o -y | (K - b sk
SonBO{ o+ 2OV UL e o0 (U, T, [T Vs
0 n=1 T+kT,

m-1 n-1 _ t o 1 _ t e
+Aozln|gf('0)"“60<:o(s)| O I kTO)O|S+2_ZOA"/’f(fk) U.0) [T 0dss
n=

T+kTo T+kTo
(t-T~KTo) _ -8 m (U o U
< et le By Vo +Jge +Z‘9§°)Pgoe(n_lm° Fond GoCo GOCO) +
H 27, n=1 H
m-1 n-1 o (U cq o T ) y,0
+ z n grgo) |uGOCO (S)| pﬂ ( GoCo Goco) + 1 py ( ) <
n=1

H 2Z, H

t—T —KT, U, U, G, I
< e 0)py((UGoCo U, Ugcy | ), (UGOCO U Ugyey | ks

1 1 Votdo€” I o) n (-t | T
(e B ) B

o nm, 1 |
gn pGO Zzojlv
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- +HKH)T,
1. V0+J0eﬂ (DA (s-T-kT,)
K,<=A BO[ g Hlo (u JUse) Al ods+
20 ZZO ] n PGQ GoCo ' MGoCo T+J;<T
T+(k+1) T+(k+)To
+%Z¢g "o (U legey) | " g kTO)ds+ 7 hoP WU.0) [ e Dgss
T+kTy T+kTo
e-1 |1 Vy+J,e? m . 28 (Ug e U )
< AR JoTd0E T O] n (nYuTo |F# \"GoCo'"GCo/ |
. A{ZAO 0[ o7 nzzl\gn Lo e p
® (13 i &0 O
nlq© |u ( S)|”-l Py’ Ugyco  Usgey) + 1 p,°UU) <
n GoCo U ZZO u =

=T KT, U, U, G, I
< el O)IOy((UGoCo U ,UG1C1' ), (UGOCO U +Ueycp 1)

e 1%{ AJB[ * 2oz, e ]

O, et |
2Z,

Therefore,

|Bék) (Usgeo U+ (1) = BS (Uggey .U s I_)(t)| s

s e/JTO pﬂ ((u60C0 'U 'uGlclv l )v (UG()CO 'U' UGlclv l_)) x

e:O Ao[ AoBo[ +Z obr,

|

implies that

Ib(BO(uG()CO 'U ’ I)! BO(UG()CO 'Uv I_)) <

<o Pu((Uggcy Y Ugyey » 1): Ugyey » u, Ug,c, » 1)

eﬂo Vo+Jo€” I o in n-tumo | LS @), -1, 1
S0 0= ¢ +3'n = |=
2 Ao[ AOB{ 72—+ 2Jag, Yo e, + 5

= &K 0, (U U 1 Ugiey 1) (Tagey U Uy 1)) -

For the second componentg have

B (Ugeco U 1) = B (Fsgcy . U NIO)|<

(U(ueoco,u 1)(8) U (Ugycy -0 ,I‘)<s))d+

T+kT0
T+(k+)T, o
+ sz(uGOCO,U,I)(s)—U(UGOCO,U,I)(s))ds <W, +W, .
T+kTy
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Now
¢ [0U (Ug e U, 1) - t 10U (Ug e U, 1) .
wes | BT =0 |UGoco (8) ~Ugycy (S)|dS+ | +|U (s)-U (s)dss<
T+kTg uGoCO T+KTg
2Z, | _
<=0 ””GoCo (8) ~Ugyc, (s)|ds+
0 T+kTp

-1
m +3,e”Y +J.e? t _
+ A—lZZ(n+1)nI,§°) Vot Joe Vot Jee +Ug, +Ug, + L j|U(s)—U(s)|dss
L, n=1 22y 2 ’ Lo [rskr,

2z _ t s-T-
SA_Oka)(UGOCOaUGOCO) jeﬂ(s T-KT0)ds+
T+kTp
m -8 n-1 -3 ot
+ A—];Z(n+l)nlrﬁo) Vo Jee Vo *Joe +Ug, +Ug, + Lo pPU,0) '[e'”(s_T_kTU)dss
L, n=1 2Z, 2 ’ Lo T+kT,

<24 pi’k) (Usgcg +Usgco) €TTKO) -1 +
Lo 1 [

m -\t -B MU ) eHt-TKT) _
* “_122(I1+1)n|r§°) Vo Joe Vot Joe +Ug, +Ug +Zo | Pu, )& it
L na 27, Lo H H

<

t-T —KT, 0, U,G, )
< el O)pp((UGOCO U 1Ugcp s ), (UGOCO U Usiop - 1)

B 5 m _p\"L
R e |

1| L [% 2 n=1 2Z, Lo
T+(k+)Tp o 27 T+(k+1)Ty
Wl | ?u (Usoce Vs () ~U gy T O [ €2 [ Jugg, (9T, (Sds+
T+kTg 0 T+kTy
-1
m +1e8)" +3ah T+(k+)T, o
+ A—lZZ(n+1)nI,§°) Vot Joe ] [VO Jof +Ug, +Ug, + L ﬂU(s)—U(s)|dss
L n=a1 22y 2 Lo | T4kt

t-T -KT, 1) U,G, I
< e/‘( 0)pp((UGoCo U Ugicyp 1), (UGOCO U o 1)x

0 _ i m -p\"t
Xeﬂ . 1 ﬁ_'_% M.FUGO +UE0 Z(n"'l)nlrgO) Vo +Je€ +Z,\0 .
M L Ly 2 oo 27,

Then

BY (Usge U 1O = B Gagee U N
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=T —KkT, 1) U, T, I
< et O)pp((UGOCO U 1Ugcp s ), (UGOCO U Usiop - 1)

0 -8 m g\l
xiz &4—%[& +UGO +UE0]Z(n+l)n|r£0)[Vo+Joe ]
H Ly L 2 n=1 2z,

and
lb(BJ (UG()CO ,U ’ I ), BO(UG()CO ,U, I_)) s
= e/JTO pﬂ ((u60C0 U 'uGlclv l )v (UG()CO 'U' UGlclv l_)) x

0 -5 m _p\n-1
xiz ﬁ+%[w +UGO +UE0]Z(n+l)n|rgO)[Vo+Joe ] =
JZ S 2 n=1 2z,

= 0Ky 0, (Usgcy YU Usiey 1) Tageo U s Ugyey 1) -

For the third component, we have

B, Uy )O - BY U T Ueye O] [y U2l )9 ~Uoy (0Tl YK+
T+kTp
T+(k )T o
+ jk(uel(u,nuelq)(s)—uq(m Toc)(9)s| =S +S,.
T+kTy
But
t |aUg (U,ugc ! dUg (U i
S < j| 6 U lsc )(S)|qq(5) Usg, (s)ds+ | | 6,U s, !X )||I(s) [(9)ds<
T4KT, OUgc, T4KT, ol |
V \] m N _n, UL n-.
[’* ) 1 G IS TRl 1 [y (9~ T (9
0 n=1 n=1 T+kTo
> Al j||(s)—|(s)|ds<
0 T+kTg
Vi J hon U h-1_(n- —
{Al Bl[eﬂooeT” 29,9( )e” °]+'°12”|9'9|(U61) el l)ﬂo}pﬁ(lk)(uGlcl’uGlcl)x
0 n=. =1
jef’(s T-KTo) ds+ Aipﬂ a,n j eH(sTKTo)gs<
T+kTp T+kTp
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< {AZBl[e/’O Voe_;;: Jo, i‘ g® ‘(Uel)n o j+ Agfﬁ od ‘(uq)”'le(n-l)ﬂo } A (UG1;1 Uecy) eﬂ(t_T:TO) 1,

1 (k)(| |) eH(t-T-KTo) _ l
27, Al M H =
2
< Ht-T-kTp) 1 (Vq}ﬁ%J 20,4, h¢1+%)[eﬂ o Vg P + 3, +Z|g l)| n nﬂo]+
%) n? (o, %)“2“ 2Z,

(UGl )n G-

27, Cn/_ 1,0,1((ercoyuyuelcy|)1(UGoCo'U'UGlcl’I_));

Vorm &

g
NN =
T+ 9U 5 (U, Uge ,1)(S) 7 T+ gU ¢ (U, U e, 1)(9) -
S < G = 6G ‘}uqq(s)_uelq(s)\dy [ & aqu 1(9) -1 (9)dss
T+kT, GG ‘ T+KTo
m
< QH(t-T~KTo) e - {Al Bl[eﬂo% >lg® (UGl)"e"”°J+
,U 0 n=1

m

AY n|g'gl)|(u —le(n Dy = >z Ai}pﬂ((uGoco U,ugg, 1) (Ugg, V) uGlCl,I)).
n=1

Then

Iqwumwmpm—QWUI@mpmh

quwah%w
U

o8 e e |

1 _ __ _
( )n 1o(n-Do +2—}pﬂ((u60C0,U,uG1C1,I),(uG()CO,U Ugyc, s 1))

m
+ Z n
= eﬂ(t “ToT0) Klpy ((UG0C0 'U ’uG]_Cl ' I )1 (HGo(IO ’U’ HG]_C]_ ' I_)) s

< e/‘O Klpu ((UG()CO ’U 'uG1C11 I )l (UG()CO 'U' UG]_C]_! I_)) .

oS

It follows that

Ia(Bl(U luGlClv l )7 Bl(Uv Uslcln I_)) < e/‘O Klpp ((UG()CO 'U 'uGlcll I )l (UG()CO ’U'UGlclv l_)) .

For the fourth component, we have

“u, Ugyc,» (1) = BY(U, Ug,c, » |)(t)| |(U Ugycy: 1) -1 U, Uelc1:|)(3))d%
T+kTg
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T+(k+DTo _ _
+ j(l U.tge, =10, Uac . O)S =Q +Q,.
T+kTy
But
22, t _
Q<s— |uGlCl (s) —Ugc, (s)|ds+
I-1 T+kT,

m _,B+ n-t _,B_'_ t _
+ %Z(nﬂ)mr@ Vot Tt o | qu +Ug, ) [l -T(slds<
& 27 2 [

0 1 [T+kTo

2Zy - b (s-T kT
<=0 0 (Uoye, Tgyey) [€ s+
Ly T+kTo

m
+ 5> m+ni® Ve 430 | Ve + 3o +Ug +Ug [+ 22|01 [T Ddse
= 22, 2 L T+KT,
<220 pffk) (Ugyc; Uy, ) 7T -1,

L H u

-8 (k) (t-T-KTp) _
Z(n+]) nl® Voe "+ +3o | e'“0 Ve~ o +Ug, +Ug, +L|f (D¢ 1
Ll n=1 2ZO 2 L]_ H M

eﬂ _T_kTO)py((uGoco 'U 'uGlclv l )l (UGoCO ’U'aGlclv l_)) x

— T
x5 %0+ L5 i Y +3|" o[ V™" % 1Ug, +Ug ||
7 B P e} 2Z, 2

T+(k+D)Ty

Q, <24 p(k) (Vo log) [T Wds+
T+kTy
m -3 n-1 -3 THKk+D)T,

+ %Z(n+1)nlrgl)[voezz+\]0] eM){VOe 2+\]0 +UQL +UEJ+E (k)(l I) J'e/I(ST kTo) ds<

L n= 0 L T+kT,

1 0

<24 P, Lk) (Ugycy ﬁGlcl) e -1 +

L H H

_ n-1 _ (k) s

+ ii(nﬂ)nlm Vol + 3 oo V& T *Jo £+, +Ug +Ug |+ 20| P A D1

2 n 27 2 G E s

LT n 0 L H H

t-T -KT 0, U, T, I
< el 0)pﬂ((uGOCO U 1Ugcp s ), (UGOCO U +Usiop - 1))
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_ m -5 i -5
xeﬂoz 1 3;0 +%Z(n+1)n|lg1) M o M"'Uq +UE1 .
U L L= 2Z, 2

It follows that

|B|(k) U,1 1u(31C1)(t) - Bl(k) (lT’ I_’UGICl)(t)| =

t-T —KT, U U, T, I
< e 0)pﬂ((uGOCO U 1Ugcp s ), (UGOCO U Usop - 1))

-1
(€182, 18 Ve’ £ " o[ Ve 430 L
o |7 "722(” )nn 27 2 G =]

2
L Lna 0

= /(T Pu((Ugycy U Ugiey 1) (Ugycg 1LT'UG1C11 1) <

< &K, 9, ((Ugyeo Y Uiy » 1) (Ugeg U Uiy » 1))

or

A(B (U, 1,Ugc, ), B u, rvﬁelcl)) < €0K, 0, ((Usycy U 1Yoy o 1) (Tggeq ,U’chlcl, ).
For the derivatives, we obtain

|ng> (Uggeg U D) = BY) (U, U, |')(t)| <[V, (Usgeq U D) ~Usg (Tsgce U NO| +

1 T+(k+)To _ X .
+T_ J‘(UGO (Uggcy U 1)(8) ~Ugy (Ugycy .U | )(5))d5 =li+ly.
0| T+kTp
Since
|.1 < Iaueoél:zozo 20 |UGoCO - UGoCo (t)| +|6UGO (ugiJJCO 2 )IIU ® _U(t)| =
0Co
< 1 oty PO o0 o b - T O]
(déo(UGoCo)/ dueo(:o )2| duéoco k 220 | i UGOCO | |UG0C0 UGOCO |
d t
.| 1 | 4G0 (Usye, ) g (0~ Tagey (0]

| d60 (uGoCo )/ dUGoco || dl“boCo )

1 _ 1 |IU .
' 229 |dC0(uGoCo (9))/ dugc, || ® (t)| s
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Vot Je# m
Gaforrmniet.g

©O)yn en;zT0
n o

Ug,c, ) —Ugc, (t)| +

22, @&

+'°nz 09 soco @] Usoc () ~ Togco O]+ Ab|U ®-0@|<
1 V, +J,e7” . _

A BO( 2 gL e” DNTOJ’OI(IK)(UGUCO’UGUCO)-F

n-1 _ 1 __
gr(10) |UGOCO (S)| P,E;k) (Ugco :UGOCO) - Aop;(/k) U,u)<

1 AZBO[VO + Joe_'g

)P n—l)/xTo]pﬂ (uGoCo uGoCo)

20 2Z, n—1 H
m-1 n-1 ,O(k) (Vg vu;G co) 1 (k) (U U)
+A0 ng(O)LI (S) H 0“0 0~0 +_A0—
nz:l ueoco ) P 22, u

t-T KT 0 U, Tg,c, |
< e“( 0)py((ueoco U Ugicy 1), (UGOCO U Ugyop s 1)x

Sl ) Sheve 3]

T+HKH)T,

0, 1) 1T T-kT,
S)P;e(n )ﬂo] (UGOCD UGOCD): J'eHS o)ds+
T+KT,

|251A2|3O

V, + e’
i

T+(k+)To

n-1 (s-T-kTp)
0V eey ™00 (U Usoco) 7 [ T ds+
To T+kTo

1 T+(k+D)Tq
Aop WU, 0)= [eMsT0)ds<
0 T+kTy

e-1 |1 Vp+J,e? m ) AW UeonnUanen)
< %[2%%[ 0 "o +Z\9§°)Pgoe(" 2 S o SRRSO L
n=1

HTg 2Z, H

(S)|r‘|—l p/gk) (UGOCO 'u;GOCO) . i p}([k) (U ,U) <
H 27, H -

t-T -KT 0, U, T, I
< el O)p;z((UGoCo U UGy s ), (UGOCO U +Usiop - 1))

HTo _
< & i 1A, E%BO V0+Joe (O) n r(10)PJGO +i
Mg u|2 = 27,
Then

B (Usgee U (O =~ B (Tgcy U (D) <
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<et _T_kTO)P;/ ((Uggcy U Ugcy » 1) (Ugyc U, Ugyc, » 1)) x
){“eﬂo —1]%[ AOBO(V0+JOE z "Jgo (n-1) ]

Ho
= ey(t_T_kTO)KOpy((uGoco U ’uGlCl' l )v (UG()CO 'U’ UG]_C]_' I_)) :

Therefore,

ka) (B(()k) (UG()CO ’U ’ [ )' B(()k) (UGoCO ’U' I_)) < Kopy ((uGoCo 'U ’uGlCl' [ )v (UG()CO 'U’ UG]_C]_' I_)
For the second component, we have

B (Uggco U ) = B (Begcy 0 DO (Uggen UL DO ~U (e, T DO +
1 T+(k+z)T0

e [Deg, U9 -U@Ese, T, NEds | <V +Wip,.
0 T+kT,
Now

_[0U (Ueges U D)

OU (Ugygy U 1)
ou

Usgco (1) = Tsgce 0] + U(s)-U (9=

6uG0CO

2Z _
< "_O|UGOCO (t) ~Ugocy (t)| +
0

n-1
13 o Yo+ Joe” | um[Vo+ I Zo 0
+ ?Z(er)nl" Tz, ere T*'UGO*'UEO +|:_o |U(t)‘U(t)|S

<

QH(-TTo) ZLZo P Uy Togeo) +

0

n-1
e +J,e7P V, +Jge™” z —
+ /(T ) nepnt @] Yot doe T g Vot e Ty Ly |4 Lo |0y Ty <
Z( ) ZZO > Gy E, [, Py )

) (3 i
t-T-KTp) ZAZo Pu (UGOCO’UGOCO) +
LO /‘I

-3 n-1 -8 ) 3
+ H(t-T~KTo) "_Z(n+1) I(o Vo +Jpe Mo Vo +Jpe +Ug +U e, |* %O Pu u,u) <
= 27, 2 o | «

< M

t-T KTy q U, Ug,c,. |
< el O)IOu((UGoCo U 1Ugycy » ), (UGOCO U +Ueycp - 1))

T i m -8 n-1
xi &‘*e’:o w-FUG +UE0 Z(n+1)nllgO) Vo +Jge ;
Hl L L 2 o o 2Z,
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T+(k+t)TQ 220 1 T+(k+l)T0
Wy gl [(U(Ueyee U (9 ~U ey T, DO | < = [ o9 T (9fds*
0 T+kTp L 0 T+To
-1
m +3.08Y +]eB THKT,
+ %Z(n +1)n|,§°){v0 Jo® } e”T{VO Joe +Ug, +UEO}+%O flu®9)-U(s)ds<
Lo n=1 2Zo 2 Lo T+kT,

t-T -KT, 1) U,G )
< e“( 0)py((ueoco U Ugicy 1), (UGOCO U Ueyop s 1)x

fo _ z -8 -p\"t
11 ﬁ+ef; VotJde " +Ug +Ug, Z(n+1)nl O Yo*J& T |
Ho H| Ly L] 2 n=1 2z,

Then

B85 (e U DO ~ B (e U OO

t-T KT 0 U, Ug,c, |
< e“( 0)py((ueoco U Ugicyp 1), (UGOCO U Ugyop s 1)

et -1)1(3z, e (V,+J.e” m v, + 36
x| 1= | = | S0 4= | S sUg +Ug Y (n+D)nlQ) 2 (s
Ho JH[ Ly L 2 e 2Z,

= /TR 0, ((Uggey U Ysiey s 1 (Tagcg U s Tigey o 1)

Therefore,

(k) (BJ (UG0CO U, ) BJ (UG0CO ’ )) s KU py ((uGOC0 U, uG]_C]_ N ) (uGOC0 ’U uGlCl' l_)

For the third component

BRU,1Luge )0 = BT, T, e )O|< Uy (U, Ui ) U, U1 e YO+
T+(k+DTo o
Ti j(uel(u,uuelcl)(s)—uel(u e )(9))ds

0 T+kT,

+ =D, +D,.

But

Us (U, ,
e, (0, 0]+ ML N X )I'ut) IO

1 S|auGl(u g, 1)(s)
Ougc,

SliAlzBl( gho Z0= "~ Y0 Voe Z|g(l)| ” ”NoJ.,.

" e ) el l)”0}|uelcl(t) G ORIICE
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IN

[ Vel +3, I m o _ .
A Bl[e% % + 2‘951) ‘(UGl y e"”‘)J +AY ”‘gr(]l) ‘(U G e }P;(:k) (Usg, o, )& +
0 n=1 n=1

+

Aip(k)(| , r)eﬂ(t—T—kTo) <

IN

Afsl[ewoe St e e aSfopg e e o) g

® |
L P (I’I)eﬂ(t—T—kTo) <

27, H
< e"“‘T‘”°>p,,<<uGOCO U Ugiey s 1) (Tggeq U Uy 1) %
m
Al liAlBl[e/IO ( ) e ] n gr(11) (UG]_ )ﬂ-le(n-l)ﬂo +i:l,
n=1 220
. THK+D)T, U , ,| S T+(k+)Ty U U, ’| S _
D, si M‘UQQ(S)_UQQ(S)‘dS"'i .[ M‘I(s)—l(s)‘dss
To T+kT g, To T+kT ol
Se//(t—T—kTo) el —11 (A&) Bl eﬂo ( )n o | 4
Ho H

m

+Alzn|glgl)|(u n Lo Dpp 4~ > Ai}pﬂ((uGOCO U,ugc 1) (Ugg, U, uGlCl,I))
n=1

Then

B U, Ugye, DO - BO W Ty, N0

T e -1 A Ve P+ &
Se,1.1(1 T-kTp) 1+ kA eto Yo 0 4 U. e |4+
( Ho J H {AB{ 2Z, nZ::1 ( Gl) J

1
g

Olug yrervm +_:|pﬂ((uG0C0 U.Ug, ). (Ug,c, U Tgg, . T)-

Therefore,

PR (B Uge, 1) B WU, Ty, 1)) < Kipoy (Usgeg U Usey s WTisgeg U Uy 1):

For the fourth component, we obtain

BY (U, Ug,e, O - BP U, Ug, |')(t)| <[ U Uge DO = 1T Ty, DO
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+

1 (k+t>To o o
2 e =10 Uae, NEONY =M, +M,.
0 T+kTy
But
.27 _
M, < |:—°|uGlCl (t) ~Ugc, (t)| +

1

Voe# +3, Ve +3 Z .

n+)nl®| =0 | h) &0 4y +Ug [+2 1) -1() <

Lz< )n [ ZZ j ( 5 & El] Ll\() (®)

3 0

2Z K _ (S
= I:O 'OL )(uGlcl’uGlcl)eﬂ( 0+
1

m VePf+]
] Y&
|—1 n=1 0

] e”{voe o +UG‘1+UEJ+Z o001, 1T <
2 L

(K) (1 i
H-T—kT0) 2Zg Py (Ugyc; Ugyey) +

<
G 7
k)
+ HETE) Aii(nﬂ)nlrﬁl) Vo +3 | e/./ Vee# + 3 +Ug +Ug |+ L A0 ')
Lf ) 2z, 2 L H

t-T -KT, 1) U,G )
< e“( 0)py((ueoco U Ugicy 1), (UGOCO U Ueycp s 1)x

n-1
1|3z V,e?+J V,e#+J
X °+—Z(n+J)n|(1)[ £ OJ e”f’[ = °+Uq+UE1J?

H Ll L n=L 220
T+(k+1)T, .
— ~T-KT,
M < _p(k) (uelcl’uGlCl)T_ Ieﬂ(s 0)dS'|'
0 T+kT,

m -8 m -5 TH(kH)T,
+ %Z(n_'_l)nlr(‘l) Voe +J0 e/IC' Voe +J0 +UGl +UE1 +é p}lk)(l'r)i Ie/I(S—T—kB)dsS
Ll n=1 2ZO 2 L1 0 T+kT
k . -~
L 22 P4 (Ugycy Uy, ) €470 -1
Ll ,L( IUTO

3 P30 )" o Voo 091 1) 2 -
* %Z(nﬂ)nln@ Vo€t el M*'Uel +Ug +@ Meﬂo 1
hm %o 2 SN I

1

+

t-T —KT, 0, UG, )
< el O)p;z((UGoCo U 1Ugcp s ), (UGOCO U +Usiop - 1))

o 3 n-1 3
<& 11)13Z +i (n+Dnl® Voo " Hdo | | Voo T+ Jo +Ug +Ug ||
/.10 /.1 Ll L n=1 ZZO 2
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It follows that

B U, ugye, DO - BOW Teye, NO| <

t-T KT 0 U, Tgc, |
< el 0)py((UGoCo U Ugicy ), (UGOCO U Hecy s 1))

» n1 5
k! 320+ Z(nﬂ)ma) Vo€~ tdo | g Y€ *do Ly sy ||z
Ho ,u L Um 2Zy 2 1

=T DK o (Ugc, U U, 1) Tac, U Usg, 1)
or

A(B (U, Ug ey, 1), B (U, Tgyc; 1)) < Ky £, (Uggeg U Ugiey 1) (Tagcg U ligyey 1) -
Introducing a denotation

Bo(Ua,c, U Ugg, 1) =By, By (Ug, U Ugg, 1) =By By(Ugg, U Usg, o 1) =By, By (Ug, U lgg, 1) =By
On the base of all of above inequalities, we obtain

p,u((BOI BU B, BI )V(EOV EJ ’ E, EI )) = Kpﬂ((uG()CO U ’uGlCl’ I )'(UG()CO ’U'UG]_C]_' l_)
where K = ma>{e"’°K0,e'”°KU L &0K,,eM0K, Ko, Ky, K K, }<1.

In view of thecontraction mapping principle, the opera®rhas a unique fixed point which &
periodic solution to the neutral system.
Theorem 6.1 is thus proved.

3 Numerical Example

Here we collect all inequalities guaranteeing tkistence-uniqueness of the periodic solution:

ey +3o) _ . &N+ 30) _, ,ﬂ[vﬁe‘%o $

< < : ~ (0) ﬂ Do <U :
2 ) 220 0 ,UCO 220 o] On ] Go

-5
Joe-f’+ﬁzo(\/"”°e A+2UGO+2UEO)5V0, eto [Voe P e 1”°]<UG
Lo 1<

0 Z,Voe# +J,+ g, +2U

Voe—p_'_e'u_ O(VO 0,\ Gy El)SJO;
[,

240 +3Je B
oK, =2 zpb AoBo | Vo + Je€ ZgrgO) n g '_Jgale(”'l)”o PR PP

H 2 220 n= 0 220
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H2y + -B m + -B n-1
ek, == | o, 12[—\/0 T LU, +UE0]Z(n+1)nI,§°)[—V° Joe ] <1;
H Lo L 2 n=1 2Z,

24 wi
efog, =& 02'“1 { AizB.L [Voezz
U

(1)P ne(-Dxo |4 i n| (l)'J n-1g(n-Huo 4 i <1:
n Mo M9 e 2z, | 7
n=

0

214 -3 n-1
e/,oKl - € 20 320 = M"'Uq +U Z(n+])n|,§1) Voe +J0 <1:
N L 2 = 27,
Ko =|1+ CIVRICR . PEY
272,

) Ho _ o m -p\"t
Ky =|1+2 111)3%, ez Vot Joe” +Ug, +Ug, [ (n+Dnl Vordoe T ||y,
:uO M Lo I—0 2 n=1 220

0
g UG,

e’”o—l]i AOBO[VO+JOe' Z
Ho u| 2 2Z,

K12[1+e# }A{A&[MOVQG +Jo+z‘ (1)‘ n nyoJ+Zn Ug;le(n—l)yo+2;:|<l;
0

to | u| 2 27,
. Ho _ Ho -B + m -B + n-1
K, =1+ 711 3o, eAZ Voo "+ g +Ug +Ug 2 (n+D)nl{ Yoo " *do ||y
/uO /’1 Ll L2 2 n=1 220

For a transmission line with length=1m, L =0454H/m, C=80pF/m,
v=1/JLC :1/(6.10‘9): 16610°;Z, =4/L/C =75Q . Then, T = AYLC = 610 °sec.

Let us check the propagation of millimeter waxgs (1/6)10‘3m. We have
fo :1/(A0\/LC):1012 Hz= T, =1/ f, =102 .

We choosgu =10, then UTy = Ly =1 and the resistive elements with the followiug- |
characteristics:RO(i): R (i) = 0,028 - 0125° i.e. 0, =00289, =0, g3=0125 and inductive
elements withLy(i) = Ly (i) =3 —(1/12)i® . Then

Lo(i) =i(dLo(i)/ di)+ Lo(i) =i (3— (1/4)i%) +3i —(1/12)i® = 6i - (1/3)i°.

17

Let us takeCO(u):CO/,/l—iu/qJOi:co,MDO/,/qbo—u , whereh=2, ¢, =50pF = 510 *'F

and ®, =04V = ¢, <04.

If we choosel, =1, we obtainsGi —(1/3)i3 > 6—(1/3) =17/3 and consequentlyé— =3 .
0
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For ¢, =02 we have

Co(U) =Co /1= U/ Dy) =Coy/Py /@y —U = Cy (=) = CovP o /Dy +V, =

=C,=510"%/04//04+02 =C,=8210", 1C,=10?8210"1 =82.
Vo +@ _ 4/04+02 !

=A = = 104,

A=A CoP,  510102,/04 =15
11 —11

B = 510 1/o,4(c;,s+ 0’2)::88,4.10‘“,%50 _Ji5 10111250.104 V2 - 10825,

2402

BO:

Then, the above inequalities become for 2, V, =0,00% J, = 0,001 UGp =01; U E, = 01

5
(p=01): eoooz <02 2092 . el g3l*e T 1028107 +012510° |< 01
275 ' 82 150

1042 17 82

e 7ope” +3,+02+028
1c2 17

-8 _:B +
3+ 75(\/0 +Joe” +02+ 0,2)3 <V € (10‘3 61501 +0,028107" + 0,125.10‘3] <0]1;

Voe ™ +

We omit the next four inequalities becal@K,, e0K, , e/°K,, ¢/°K, are of orderiz.

Then
KO:Kl:L 2543 1631+e +002810" +012510°%¢? +O,028|-30,1251(TZ+— <1
10| 8 150 150
3e 3e 1+e? 1 1+
. : + +
Ky =K, =———| 225+ 2110322+ 02| 12+12210°%| == | ||<1;
1710 17 2 3 150

1131

or K, = 008<1; K, =K, = 1

<1. ConsequentlyK = 008<1.

4 Conclusions

We have considered transmission lines neglectimgldisses. This makes it possible to find
conditions for the existence and uniqueness ofodi&riregimes. This natural physical fact is
confirmed by the mathematical method we apply.

In contrast to the previous configurations (consdein [10]-[16]), we analyse lossless
transmission lines terminated byloads connected in series to parallel conne@edloads. The

derivation of the boundary conditions shows thatanes not able to obtain only two equations for
the two unknown functions — the voltage and theenir That is why, we reduce the boundary
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conditions to a system of four equations for fonknown functions adding some transitional
voltages (in [15] transitional currents). The imvoed operator acting on suitable function spaces
has a fixed point which is a periodic solutionhe heutral system obtained.

We apply the contractive fixed point theory (cf7]lL By extended Bielecki metrics, we overcome
the difficulties caused by polynomial and transaanidl nonlinearities.

The numerical example demonstrates a frame of eglplity of the theory exposed (for instance,
to the design of circuits) and shows that the nettmuld be applied checking a system of simple

inequalities between the basic specific parameteh® lines and loads. We obtain an explicit
approximated solution with a prescribed accuracy.
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