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Abstract

Let H be a graph on n vertices and let G be a collection of n subgraphs of H, one for each
vertex, G is an orthogonal double cover (ODC) of H if every edge of H is contained in exactly
two members of G and any two members share an edge whenever the corresponding vertices are
adjacent in H and share no edges whenever the corresponding vertices are non-adjacent in H. In
this paper, we are concerned with the symmetric starter vectors of the orthogonal double covers of
the complete bipartite graphs and using this method to construct ODCs by the disjoint union of path
and a complete bipartite graph. Here, we consider P,, the path on m vertices where 4 < m < 11.

Keywords: Graph decomposition; Orthogonal double cover; Symmetric starter.
2010 Mathematics Subject Classification:05C70; 05B30.

1 Introduction

For the definition of an orthogonal double cover (ODC) of the complete graph K, by a graph GG and
for a survey on this topic, see (1). In (2) this concept has been generalized to ODCs of any graph H
by a graph G.

While in principle any regular graph is worth considering (e.g., the remarkable case of hypercubes
has been investigated in (2)), the choice of H = K, ;, is quite natural, also in view of a technical
motivation: ODCs of such graphs are a helpful tool for constructing ODCs of K, (see(3), p. 48).

In this paper, we assume that f = K, ,,, the complete bipartite graph with partition sets of size
n each.
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AnODC of K, , isacollecton G = {Go, G1,...,Gn_1, Fo, F1,..., Fh_1} of 2n subgraphs
(called pages) of Knm such that

(i) every edge of Knm is in exactly one page of {Go, Gi,..., Gn,l} and in exactly one page
of {F(), Fi,... ,Fn_l};

(i) forz, j € {0,1,2,...,n—1}and i # j, E(G;) N E(G;j) = E(F;) N E(F;) = 0;
and |[E(G;) N E(Fj)| = 1forallé, j €{0,1,2,...,n—1}.

If all the pages are isomorphic to a given graph G, then G is said to be an ODC of K, ,, by G.

Denote the vertices of the partition sets of K, , by {0, 1o, ..., (n—1)o} and {01, 11, ..., (n—
1)1}. The length of an edge xoy; of K, ,, is defined to be the difference y — x, where =, y €
Zn ={0,1,2,...,n—1}. Note that sums and differences are calculated in Z,, (that is, sums and

differences are calculated modulo n).

Throughout the paper we make use of the usual notation: Kmyn for the complete bipartite graph
with partition sets of sizes ™ and n, P,, for the path on n vertices, K for an isolated vertex, G U H
for the disjoint union of G and H, and mG for m disjoint copies of (.

An algebraic construction of ODCs via “symmetric starters” (see Section 2) has been exploited to
get a complete classification of ODCs of K, ,, by G for n < 9: a few exceptions apart, all graphs G
are found by this way (see (3), Table 1). This method has been applied in (3) to detect some infinite
classes of graphs G for which there are ODCs of K, ,, by G. El shanawany and et al (4) studied the
orthogonal double covers of K, 5, by Pp, 1 U* Sy, where 1 and m are integers, 2 < m < 10,
m < nand P11 U* S,_p, is atree obtained from the path P, 11 with m edges and a star .S, _,
with » — m edges by identifying an end-vertex of P,,1 with the center of .S;,_,,,. Much of research
on this subject focused on the detection of ODCs with pages isomorphic to a given graph G. For a
summary of results on ODCs, see (1; 5). The other terminologies not defined here can be found in
(6) .

The paper is organized as follows. Section 2 describes the technique that will be used throughout
this paper. Section 3 offers some insights into the case on ODC of the complete bipartite graphs by
a special class of disjoint union of path and a complete bipartite graph.

1.1 Symmetric Starters

All graphs here are finite, simple and undirected. Let I' = {fyo, e ,’yn_l} be an (additive) abelian
group of order n. The vertices of Ky, ,, will be labeled by the elements of I' X Zso. Namely, for
(v,i) € T' X Zs we will write v; for the corresponding vertex and define {w;, u;} € E(Ky ) if
andonly if i # j,forallw, u € I"and i, j € Zs. If there is no chance of confusion (w, ) will be
written instead of {wg, ul} for the edge between the vertices wg, u1.

Let G be a spanning subgraph of K, ,, and let a € I'. Then the graph G + a with E(G +
a) = {(u+a,v+a): (u,v) € E(GQ)} is called the a-translate of G. The length of an edge
e = (u,v) € E(G) is defined by d(e) = v — u.

G is called a half starter with respect to I if | E(G)| = n and the lengths of all edges in G are
mutually distinct, i.e. {d(e) : e € E(G)} = I'. The following three results were established in (3).
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Theorem 1.1. IfG is a half starter, then the union of all translates of G forms an edge decomposition
of Ky ie. Uger E(G + a) = E(Ky, ).

Hereafter, a half starter G will be represented by the vector v(G) = (v, - - -, Uy,_, ), Where
vy, € I and (v,,)o is the unique vertex ((v.;,0) € T' x {0}) that belongs to the unique edge of
length 7; in G.

Two half starter vectors v(Gp) and v(G1) are said to be orthogonal if {v(Go) — v4(G1) :
veTl}=T.

Theorem 1.2. i two half starter vectors v(Gy) and v(G1) are orthogonal, then G = {G ;
(a,i) € I' X Zo} with Go; = G; + a is an ODC of Ky, ,.

The subgraph G of K, ,, with E(G5) = {(uo,v1) : (vo,u1) € E(G)} is called the
symmetric graph of G. Note that if G is a half starter, then G is also a half starter.
A half starter G is called a symmetric starter with respect to I' if v(G) and v(G's) are orthogonal.

Theorem 1.3. Letn be a positive integer and let G be a half starter represented by the vector
V(G) = (Vygs---+Vy,_,). Then G is a symmetric starter if and only if {vy —v_y + v : v €
T} =T.

2 Main Results

In the following, if there is no danger of ambiguity, w;u; will be written instead of {w;, uj} for the
edge between the vertices w;, u; where i, j € Zso.

Theorem 2.1. Let m,p,n > 3 be positive integers such that mp = n — 3. Then there is a
symmetric starter vector of an ODC of Ky, p by G = Py U Kp, , U (2n — (4+m + p)K;.

Proof. For a positive integer n > 3, define the vector v(G) as v; = 0if i € {0,1},v; =2if i=n—1,
vi=x0 f2<i<p+l,vi=x1 if p+2<i<2p+1,..., v =am 1 if (Mm—1)p+2<i<mp+1.
Where z; = 1—jp ; 0 < j < m— 1. By definition of v(G), for any i € Z,,. the i**graph is isomorphic
to the graph G = P, U K, has edges E(G) = {(044)1(0+i)o, (0+2)o(1+14)1, (1 +4)1(2+14)o}
U {(ma + 1), (j +4)1 : 0 < o < m — 1} and hence G = Py U Ky, U (2n — (4 4+ m + p) K. For
i=0, vi—v;+i=0,fori e {I,n—1}, vi—v_;+i=—i and forjp+2<i< (j+1)p+1,
Vi —V_i +1=2; — Tm_(j41) + . By theorem 1.3, v(G) is a symmetric starter vector. O

Lemma 2.2. Let n > 3 be apositive integer. Then there is a symmetric starter vector of an ODC
OfKn,nbyG:P4UK1,n—3U(TI—2)K1.

Proof. For a positive integer n > 3, define the vector v(G) as vs = 0ifi € {0,1}, v; =2if i=n—1
and v; = 1 otherwise. By definition of v(G), for any i € Z,, the i‘"graph is isomorphic to the graph
G=P,UK,, 3 hasedges E(G) = {(0+1)1(0+14)o, (0+i)o(1+)1, (L+i)1(2+d)o} Uig {1+
i)o(j+i)1tandhence G = P,UKin-3 U(n—2)K;.For ie {1,n—1},v; —v_; +i=—i and

for otherwise, v; — v_; + ¢ = . By theorem 1.3, v(G) is a symmetric starter vector. O

Theorem 2.3. Let t,n be positive integers such that1 < t < 10 andt < n. Then there is a
symmetric starter vector of an ODC of Ky, , by G = Py 11 UKy, — 4 U (n — 2) K.
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Proof. Fort € {1,2}, the theorem was already proved using direct construction in (3). Fort = 3, see
lemma 2.2. In what follows we find a suitable symmetric strater vector of Z,, in each of the remaining
cases:
Case1. t=4
For n = 2m and m > 2, define the vector v(G) as v; = 0 ifi € {0,m}, v; = 2m — 1 if
i€ {1,2m—1}and v; = 2m—1—i otherwise. By definition of v(G), for any i € Za,,, the i*"graph
is isomorphic to the graph G = Ps U K1 2m — 4 has edges E(G) = {(2m — 2 + i)1(2m — 1 + 4)o,
2m—=144)0(04+4)1, (04+2)1(0+4)0, (0+Do(m+9)1} U{2m —14+)1(j+i)o:1<j<m-—2,
m < j < 2m — 3} and hence G = Ps U Ki,2m -4 U (2m — 2)K;. For i € {0,1,m,2m — 1},
v; —v—; +1 =1 and for otherwise, v; — v_; + i = —i. By theorem 1.3, v(G) is a symmetric starter
vector.
For n =2m + 1 and m > 2, define the vector v(G) aswv; =0 ifi=1, v; =2 if i € {m,2m},
v; =1 if i=m+1and v; = m+ 1 otherwise. By definition of v(G), for any i € Za,11, the it"graph
is isomorphic to the graph G = Ps U K1 2., — 3 has edges E(G) = {(0+4)o(1 + @)1, (1 +%)1(2 + %)o,
24+ d)o(m+2+i), (m+2+i)1(1+i)otU{m+1+i)o(j+i)o:2<j<m—1, j=m+1,
m+3 < j <2m}and hence G = Ps U Ki9m -3 U (2m — 1)K;. Fori € {1, m, m + 1, 2m},
v, —v—_; +14 = —i and for otherwise, v; — v_; +¢ = 1. By theorem 1.3, v(G) is a symmetric starter
vector.
Case2.t=5
Forn =2m and m > 2, define the vector v(G) asv; =m —1ifi € {1,2m -1}, v; =0
ifi ¢ {m—-1m}, vi =2m—2 if i = m+1and v; = 2m — 1 otherwise. By definition of
v(@), for any i € Za.,, the it"graph is isomorphic to the graph G = Ps U K1 2., _ 5 has edges
E(G) = {(2m—2+i)o(m— 1+i)1, (m— 1+i)1(0+i)0, (O+i)o(m+i)1, (m—i—i)l(m— 1—|—i)o, (m—
T+i)o(m—2+d)1}U{@m—1+i)o(+i)1:1<j<m—-3, j=2m—1, m+1<j<2m—3}
and hence G = Ps U K1 2m —5U (2m —2)K;. For i € {m —1,m + 1}, v; —v—; +4 = —i and for
otherwise, v; —v_; + i = i. By theorem 1.3, v(G) is a symmetric starter vector.
Forn = 2m + 1 and m > 2, define the vector v(G) as v; = 0 if ¢ € {0,1}, v; = 2 if
i € {m,2m}, vi =1 ifi = m+1and v; = m + 1 otherwise. By definition of v(G), for
any i € Zam1, the it"graph is isomorphic to the graph G = Ps U K12 — 4 has edges E(G) =
{04 4)1(0 + i)o, (04 )o(1 + 7)1, (1 +14)1(2+ 9o, 2+ )o(m +2+4)1, (m+ 2+ 4)1(1 + i)}
U{(m+14+do(f+i)1:2<j<m—-1, m+3<j<2m}andhence G = PsUK; 2m 4 U(2m —
1)K;. Forie {1, m,m+1,2m}, v, —v_; + 4= —¢ and for otherwise, v; —v_; +4 = i. By theorem
1.3, v(G) is a symmetric starter vector.
Case3.t=6
For n = 2m and m > 3, define the vector v(G) as v; = 0 ifi € {0,1}, v, = 2 ifi €
{m,2m — 1}, v; = 1 if ¢ € {m — 1, m + 1} and v; = m + 1 otherwise. By definition of v(G),
for any i € Za.,, the i*"graph is isomorphic to the graph G = P; U K 2, — ¢ has edges E(G) =
{0+ )1(0 4+ )0, (0+ )o(1 +4)1, (1 +9)1(2+ 0o, (24 )o(m + 2+ 4)1, (m+ 2+ 4)1(1 + o,
IT4+dom+i)1t U{(m+1+do(j+1)1:3< 7<m-1, m+3 < j < 2m—1} and hence
G = PrUKiom-6U (2m —2)K;. Fori € {1,2m — 1}, vi —v_; +i = — and for otherwise,
v; —v—; +1 = 1. Bytheorem 1.3, v(G) is a symmetric starter vector.
For n = 2m +1 and m > 2, define the vector v(G) asv; =0 if i =1,v; = 1ifi € {m—1,m+1},
vi =2 ifi e {m,2m}, vy =2m —1if¢ =m+2and v; = m + 1 otherwise. By definition of
v(@), for any i € Zan41, the it"graph is isomorphic to the graph G = P; U K 2. — 5 has edges
E(G) = {(04d)o(1414)1, (1 +4)1(2+1)o, (2+i)o(m+2+1)1, (m+2+0)1(1+0)o, (141)o(m +1i)1,
(m+9)12m—-1)o}U{(n+1+9)o(j+9)1:3< j<m—-1, j=m+1, m+3<j<2m-1} and
hence G2 P,UK 1 2m —5U(2m—1)K;. Forie {1,m—1,m,m+1,m+2,2m}, v;—v_; +i= —i
and for otherwise, v; — v_; + ¢ = i. By theorem 1.3, v(G) is a symmetric starter vector.
Case4.t=7
For n =2m and m > 3, define the vector v(G) as v; =0 if i=1, v; =2 if i € {m,2m — 1},
vi=11ifie{m—-—1m+1}, v, =m+2 if ¢ € {2,2m — 2} and v; = m + 1 — i otherwise.
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By definition of v(Q), for any i € Zs,,, the it"graph is isomorphic to the graph G = Ps U K1 2m — 7
has edges E(G) = { (0 +)o(1 4+ i)1, (1 +9)1(2 +9)o, (2 + i)o(m + 2+ )1, (m + 2 +4)1(1 + ©)o,
(1+2)o(m+1i)1, (m+1)1(m+2)o, (m+2)0 (m+4)1 JU{(m+1+0)1(j+i)o : 3 < 7 <m—2, j=m+1,
m+4 < j <2m-—1}andhence G = PsUK 2m, — 7 U(2m—2)K1. Fori € {2,m—1,m,m+1,2m—2},
v; —v—; +¢ =1 and for otherwise, v; — v_; +i = —i. By theorem 1.3, v(G) is a symmetric starter
vector.

For n = 2m +1 and m > 3, define the vector v(G) as v; = 0 if i € {0,1}, v; = 2 if
ie{m,2m},v;=1ifie {m—-1,m+1}, v, =2m—1 ifi =m+2and v, = m + 1 otherwise. By
definition of v(G), for any i € Za,,,+1, the i*"graph is isomorphic to the graph G = Ps U K1 2 — 6. has
edges E(G) = {(0+i)1(0+i)0, (0+i)0(1+i)17 (1+i)1(2+i)0, (2+i)0(m+2+i)1, (m+2+i)1(1+i)0,
(14+29)o(m+i)1, (m=+9)1(2m—14+0)o }U{(m+1+i)o(j+%)1 :3< j <m—-1, m+3 < j<2m—1}and
hence G =2 PsUK1 2m —6.U(2m—1)K;. Fori € {1,m—1,m,m+1,m+2,2m}, v;—v_;+i = —i and
for otherwise, v; — v_; + i = i. By theorem 1.3, v(G) is a symmetric starter vector.

Caseb5.t=8

For m > 4 and n = 2m, define the vector v(G) as v; =0 if i € {0,1}, v, =2 ifi €
{m,2m—1},v; =1if i € {m—1,m+1},v; =m+2 if i € {2,2m—2} and v; = m+1—1i otherwise.
By definition of v(G), for any i € Za,,, the i*"graph is isomorphic to the graph G = PyUK] 2, _ & has
edges E(G) = {(0+1)1(044)0, (0+3)o(1+%)1, (14+4)1(2+1%)0, (24+7)o(m+2+1)1, (m+2+17)1(1+4)o,
(1 +do(m+ 91, (m+D)1(m+2+io, (m+2+i)o((m+4+i)1}U{(m+1+d)(G+i)o} :
3< j<m-2 m+4<j<2m-—1}and hence G = Py U Ki2m—-s U (2m — 2)K;. For

i€4{0,2,m—1,m, m+1,2m—2}, v; —v_; +¢ = i and for otherwise, v; —v_; +¢ = —i. By
theorem 1.3, v(G) is a symmetric starter vector.
Case6.t=9

Forn =2m and m > 6, define the vector v(G) asv; =0 ifi =1, v; =2 if i € {m,2m —1},
vi=1lifie{m—-—1m+1,vi=m—-2if i €{2,2m -2}, vi=2m -7 if i € {m—3,m+ 3}
and v; = 2m — 1 otherwise. By definition of v(G), for any i € Z,,,, the i*"graph is isomorphic to the
graph G = P10UK1,2m79 has edges E(G) = { (0+i)0(1+i)1, (1+i)1(2+i)07 (2+i)0(m+2+i)1,
(m + 2+ i)l(l + i)o, (1 + Z)O(m+ i)l, (m + 1)1(m — 2)0, (m — 2)0 (m — 4)1, (m — 4)1(2771 — 7+ i)o,
(2m — 74 i)o(m —10)1}U{@2m =1 +i)o(j+i)1 :2< j<m—5 m+3<j<2m-—4,
je{m—3m+1,2m—1}}and hence G = PigU K1,2m —9 U(2m — 2)K;. Fori € {1,2m — 1},
vi —v—; +4 = —i and for otherwise, v; — v_; + i = . By theorem 1.3, v(G) is a symmetric starter
vector.

Forn = 2m + 1 and m > 4, define the vector v(G) as v; = 0 if i € {0,1}, v; = 2 if
te{m,2m},v;=1ifie{m—-1m+1}, vi=2m—-1ifie{m+2,m+3}v,=3if i=m—2
and v; = m + 1 otherwise. By definition of v(G), for any i € Za,,+1, the i*"graph is isomorphic to
the graph G = Pio U K1 2, — 8 has edges E(G) = {(0+14)1(0+2)o, (04 2)o(1 +4)1, (1 +4)1(2+ 7)o,
(249)o(m—+241)1, (m+2+1i)1(14+1)o, (14+i)o(m+1i)1, (m+1i)1(2m—141i)o, (2m—1+1i)o(m+1+1i)1,
m+14+9)183+i) ot U{(m+1+do(f+i)1:4< j<m—-1, m+3<j<2m— 2} and hence
G2 PoUKigm-sU(2m—1)Ky. Fori e {1, m -2, m -1, m,m+1, m+2, m+ 3, 2m},
v; —v—; +1 = —i and for otherwise, v; — v_; + ¢ = i. By theorem 1.3, v(G) is a symmetric starter
vector.

Case7.t=10

For n = 2m and m > 5, define the vector v(G) as v; = 0 if ¢ € {0,1}, v; = 2 |if
te{m2m—1} vy=1ifie{m—-1,m+1}, vi=m+2 ifie{2,2m -2}, vi=m+1ifi €
{3,2m —3}and v; = m + 1 —i otherwise. By definition of v(G), for any i € Za., the i*"graph is
isomorphic to the graph G = P11 U K1, 2m — 10 has edges E(G) = {(0 +¢)1(0 + ¢)o, (0 +¢)o(1 + )1,
(1 +9)1(2 4 d)o, (24 d)o(m + 2 +9)1, (m 42+ 4)1(1 4+ 4)o, (1 4+4)o(m + @)1, (m +4)1(m + 2 + i),
(m+2+i)o(m+4+14)1, (m+4+i)1(m+1+i), (m+1+i)o(m—2+i)1}U{(m+1+3)o(j+i):
3<j<m-3 m+5<j<2m~—1}andhence G = P11 U Ki2m — 10U (2m — 2)K;. For
1€{0,2,3,m—1,m,m+1,2m—3,2m — 2}, v; —v_; +i =14 and for otherwise, v; —v_; +i = —i.
By theorem 1.3, v(G) is a symmetric starter vector. O
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Theorem 2.4. Letn > 3 be a positive integer. Then there is a symmetric starter vector of an
ODC of Kgn,zn byG =2P,U K172n _g U (2n - S)Kl.

Proof. For a positive integer n > 3, define the vector v(G) as v; = 0 if ¢ € {0,1}, v; = 2 if
i=2n—-1,v;=11if i € {n,n+1},v; =3 ifi =n—1and v; = n + 1 otherwise. By definition
of v(@), for any i € Zs,, the i*"graph is isomorphic to the graph G = 2P, U K 2, _ ¢ has edges
E(G) ={(0+14)1(0+1d)o, (0+i)o(1+14)1, (14+4)1(2+1)o} U{(B+i)o(n+2+1)1, (n+2+i)1(1+1)o,
(AI+don+1+i)itU{(n+1+i)o(G+i)i:3< j<n—1, n+3<j<2n—1} and hence
G22P UK 906U (2n—3)K;. Fori e {1,n—1,n+1,2n—1}, v; —v_; +i = —i and for otherwise,
v; —v—; + 4 = 1. By theorem 1.3, v(G) is a symmetric starter vector. O

3 Conclusions

In conclusion, we conjecture that if m, n are positive integers and n > m, there is a symmetric
starter vector of an ODC of a complete bipartite graph K, ,, by the disjoint union of P,, 11 and
Kipn—m.

We can summrize our results in the following table

H G

Kyn PUK U220 — (4 +m+p)K,
Kn,n P5UK17n,4 U(n—2)K1

Kn,n Py U K17n75 U(n — 2)K1

K

P U Kl,nfﬁ U(n — 2)K1

K, » PgUKLn_TU(?’L — 2)K1
Kopon PgUKl,Qn_gLJ(Qn - 2)K1
K, N Pyg U Kl,n—9 U (n - 2)K1
Konon | Pi1UKj2,—10U (2n — 2)K;

)

K2n,2n 2P, U K172n—6 U (277, — 3)K1
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