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Abstract

In this paper, we discuss the numerical integration wiffoeential fitting factor for singularly
perturbed two-point boundary value problems. It is basethefatt that: the given SPTPBVP
is replaced by an asymptotically equivalent delay diffeaén¢éiquation. Then, numerical
integration with exponential fitting factor is employeddiotain a tridiagonal system which |is
solved efficiently by Thomas algorithm. We discussedveaogence analysis of the methqd.
Model examples are solved and the numerical results are oetnpih exact solution.
Keywords: Singular perturbation problem, boundary layeraydelifferential equation, fitting
factor, trapezoidal rule.

1 Introduction

Singular perturbation problems arise in various fieldsrafineering and applied sciences such as
fluid dynamics, electrical networks, and many otherasreTypical examples of Singular
Perturbation Problems include Navier-Stokes equation of fluidigh Reynolds number, heat
transport problem with Peclet numbers, magneto-hydrodynadhict problems with Hartman
number. A differential equation with a small positivegmaeter multiplying the highest derivative
term is generally called th&ingular Perturbation ProblemThe solution of singular perturbation
problem exhibits boundary layers. A boundary layer isreomaregion in which solution of the
problem changes rapidly. For these problems, the existing reahenethods produce good
results only if we takeh << £. But this is costly and time consuming process. dttakeh > &£

, the existing numerical methods produce oscillatory salwdind pollute the solution in the entire
interval, because of the boundary layer behavior. Faletailed theoretical and analytical
discussion on this topic, one may refer to the referericés]
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The numerical treatment of singular perturbation problésngar from trivial because of the
boundary layer behaviour of the solution. However, the dreagular perturbation problems is a
field of increasing interest to applied mathematicidrsgineers and applied scientists want more
efficient and simpler computational techniques which careadilly implemented on computer for
solving both singular perturbation problems. Recently, Swyajat al. [12] presented a numerical
solution of singular perturbation problem using deviating argumestexponential fitting factor.

In this paper, we modify/improve the idea/concept given in [¥2re, we present the numerical
integration with exponential fitting factor for singularlerpurbed two-point boundary value
problems. It is based on the fact that: the given SPTPBMepiaced by an asymptotically
equivalent delay differential equation. Then, numericalgirstton with exponential fitting factor
is employed to obtain a tridiagonal system which is sobfédiently by Thomas algorithm. We

also discussed convergence analysis of the method. Madsiples are solved and the numerical
results are compared with exact solution.

2 Description of the Method

To describe our method, let us consider singularly pertwslenlilar boundary value problems of
the form

g"(x)+a()y' () +b(x)y(x) = f(x), 0<x<1, @
with boundary conditions

yO =a (2a)
and

y@) =p (2b)

where0< ¢ <<1, a(x), b(x) f(x) are bounded continuous functions in [0, 1] ang3 are finite
constants. If we assuma(x) =M >0 throughout the interval [0, 1], wherg is positive
constant, then the boundary layer will be in thégeourhood ofx = Oand ifa(x) <M <0

throughout the interval [0, 1], whek is negative constant, then the boundary layerhilin the
neighbourhood of left end pointi.e., at= 1

2.1 Left End Layer Problem

By using Taylor series expansion in the neighboodhof the pointx and the small positive
deviating argument/z , we have

yix=vz)= 0 -Vey 09 +£ v’
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®3)

v - 22y 2l

and consequently, equation (1) is replaced bydheviing first order delay differential equation:

Y (%) = pYY(x—E) +a()y(x) + (%), for Ve <x<1 @)
where
-2 2-b(x) f(x)
= s = d =7
P& 2 +a(x) 9 2 +a(x) AREe 2Je +a(x)

The transition from equation (1) to equation (4piewed, because of the condition thét is
small. The validity of this transition can be fauim El'sgol'ts and Norkin [4]. This replacement
is significant from the computational point of view

Now we divide the interval [0, 1] into N equal sofa@rvals of mesh sizé = 1N so that
X =ih,i=0,1,2,...N.

Here, for consolidations our ideas of the method, assume thad(x) and b(x) are constants
whereas in [12] authors consider&®x) , b(x) and f(x) as constants. Henckerep(x) and
g(x) are only the constants.

Rewriting the equation (4) ag(x) — qy(x) = py(x—\/g) +r(x)

We then apply an integrating facter ¥, producing (as in Brian J. McCartin [13])

% [e_qu(x)] = e_qx[py(X -Ve)+ r(x)]

Next, integrating fromx; tox;,;, we get

_ _ X+l o X+l o
e Pty —e My = [ e Ppy(x—e)dx+ | e Pr(x)dx
X X

Using the Trapezoidal rule to evaluate the integnatssamplifying, we get
h h
Yisg =Ty, +7p(eqhy(m ~Je)+ y(m+1—ﬁ))+5(eq“ri i) 5)

Approximating y'(x) by linear interpolation, we get
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y(x; =€) =[1—€}yi +% Yia 6)
Y(Xis1 —VE) =(1—€]yi+1+€ i @)

Substituting (6), (7) in equation (5) and rearraggthe terms we get the following three term

relation
-ei /e et"ph(. Je) Je h(., e h
[2 p]yi—l‘[eqh’fp 1-— +72p v+ 1= 1= Yi+1:E(ethi +fi+1)

2 h 2 h

for i =1,2,...N-1.

The above relation can be written as

EYi-1—FY t+Gyi+=Hj fori=1,2,...N-1 (8)
where
_gdh ah
Ei :e—\/zp’ Fi :eqh+e_ph 1—£ +_\/Zp
2 2 h 2
h(, e h
Gi :l—%(l—TJ, Hi :E(ethi +ri+1)

Equation (8) is a tridiagonal system.

2.2 Right End Layer Problem

By using the small positive deviating argumeﬁ and using Taylor series expansion in the
neighbourhood of the point, we have

s VE)= v + ey 00+ £y (0

y"(X) — 2y(X+ \/E)_ Zz(x) - 2\/Ey'(x) (9)

and consequently, equation (1) is replaced bydheving first order delay differential equation:

Y (x) = pOYyY(x+E) +a(x)y(x) +1(x), for Ve <x<1 (10)
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where

2-b(x)

-2 £ (%)
=, = d =
Pe) 2Je +a(x) 909 2Je +a(x) andr(x

 2/e +a(x)

We divide the interval [0, 1] into N equal subirals of mesh size h = 1/N so thgt=ih, i =0,
1,2,...N.

Here, for consolidations our ideas of the method, assume that(x) andb(x) are constants.
Hence, p(x) and g(x) are constant.

Rearranging equation (10) a&(x) — qy(x) = py(x+\/;) +r(x)

We then apply an integrating facter?, producing

% [e_qu(x)] - e‘qx[py(x +e)+ r(x)]

Now, integrating fronx; _; tox; , we get

% X
e Py —e W1y = [e Ppy(x+e)dx+ [e Pr(x)dx
Xi-1 Xi-1

By making use of Trapezoidal rule to evaluate titegrals and simplifying, we get
h h
v =My g+ TPy + VB + ey y + 2 2 e ) ay)

Approximating y'(x) by linear interpolation, we get

y(x ++/€) {1—%}% +€ Yist (12)
y(Xi-1 +€) :[1_%]%—1"'% Yi (13)

Substituting (12), (13) in equation (11) and reagiag the terms we get the following three term
relation

2 h 2 2 2

[—eqh —eqhmo[l—\/;]]yi-l—[—hm—‘/aﬁ \/Egethyi +[_JngYi+1 = g(fi +ethi—1)
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fori=1,2,...N-1.

The above relation can be written as

Ei Yi-1— Fi Yi +Gi Yiv1 = Hi s fori= 1, 2,...,N-1. (14)
where
ah ah
E =-e" € hp 1—£ K 1+m__\/zp+—\/gpe
2 h 2 2 2
-Je h h
G = 5 p’ |:E(ri+eq r|—1)

Equation (8) is a tridiagonal system.

We solve the tridiagonal system (8) or (14) by gsin efficient Thomas algorithm.
3 Convergence Analysis

Writing the tridiagonal system (8) in matrix-vecform, we get

AY=C (15)

inwhich A=(m ;),1<i,j<n-1 is a tridiagonal matrix of orde-1 , with

h(, e
mm:l—%[l—T],
iy =eo'h+eOI ph 1—£ Jep
! h 2’
M' = —eqh\/gp
i-1 2 i

. . h .
and C =(d;) is a column vector withd; ZE(ethi +ri+1), wherei =1 (1) N-1

with local truncation errorT, (i) = h{ﬂ} +0o(h?) (16)
a

2\/E+

We also have
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AY-T(h)=C (17)
t
whereY = (y_o V1o Y2 reeeeeerinenninnns )mJ denotes the actual solution and
T(h) = Ty (hg), T2 (M), Tn(hy))' is the local truncation error.

From (15) and (17), we get

A(V—YJ =T(h) (18)
Thus the error equation is AE=T(h) (29)
where E=Y-Y =(gy,€,8,crrervn.. en ).

Clearly, we have

p‘f}— h[ pqﬁ}%(pq— pa? Ve )+ ofh?)

S='ym;=|1
= L= +
jzlmlJ 2

N-1
S =Xm;=2+ h[q(l— p\/Z)]+ o(h2): 2+o(h) =By whereBy = 2,fori=23,.,N-2
=1

SN- = Tzz_llm,\,_lj = (1— p\/g)+ h(q(l— p\/g)+§j+o(h2)

We can choosk sufficiently small so that the matrixis irreducible and monotone. It follows
that A exists and its elements are non negative.

Hence from Eq. (19), we get E=A"T(h) (20)
Also, from the theory of matrices we have

Nz_l mki S =1, k=1(1)N -1 (21)
i=1

whereﬁk,i is (k,i) elemenbf thematrix A'l, therefore
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N1 _
mk,i < 1 :isl (22)
i=1 mnS By 2
1<isN-1

From (16), (20) and (22), we get

N-1 _ )
e = _Zl M Ti(h), j=1(1) N-1
1=

which implies ej < k?h , (23)
. . . -ey"
wherek is a constant independenttofthat isk =
2Je +a
Therefore, |Ei| = o(h)

i.e., our method gives a first order convergentigiform mesh.
4 Numerical Examples

In this section, we have applied our method oneHiear singular perturbation problems with
left-end boundary layer and two with right-end bdary layer. We have presented numerical
results as well as maximum absolute errors of w@nples. These examples have been chosen
because they have been widely discussed in literatu
Example 1.Consider the following homogeneous singular péetion problem

&' (x)+y(x)-y(x)=0; x0[0, 1]
with y(0) =1 andy(1) =1.

The exact solution is given by

y(x) =[(e™ -1)e™* + 1-e™)eM2X] /[e™2 - ™}

wheremy = (-1++/1+4¢)/(2g) and m, = (-1-+v1+4¢g)/(2¢)
The numerical results are given in Tables 1 amat 2lifferent values of .
Example 2. Now consider the following non-homogarsesingular perturbation problem

&' (X)+y'(x) =1+2x; x0[0,1]
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with y(0) = 0 andy(1) = 1.
Clearly this problem has a boundary layer at x Tfie exact solution is given by

o X e—x/s

yX) =¥———
e1_e1/¢:

The numerical results are presented in Tables 3tdoddifferent values of .
Example 3.Consider the following singular perturbation prable
&' (x)+y(x)=2; x0[0,1]
with y(0) = 0 andy(1) = 1.
The exact solution is given by(x) = 2x+l—j(67_)(y—€) .

e Vée-1

The numerical results are presented in Tables Bdoddifferent values of .

Example 4.Consider the following singular perturbation proble
&'(¥)-y((®=0; x0[0, 1]
with y (0) =1 andy (1) =0.
Clearly, this problem has a boundary layer at xi®1 at the right end of the underlying interval.

e(x—l)/‘s -1

The exact solution is given by(x) =
e‘l/f -1
The numerical results are presented in Tables Bdoddifferent values of .
Example 5Consider the following singular perturbation proble

&' () -y () -@+e)y(x)=0; x0, 1]
with y(0) = 1+exp(-(1¢)/€); and y(1) = 1+1/e.
Clearly this problem has a boundary layer at x The exact solution is given by

(1+€)(x—1)/ £ 4o X

y(x) =e e

The numerical results are presented in Tables 9 @ridr different values of .
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We compare the maximum absolute errors of thesengbes with the proposed method and
second order central finite difference scheme tmsthe advantage of the method. The maximum
absolute errors of the examples are presentedidle3d 1 and 12.

Table 1. Numerical results of example 1 with h:10'2,£:10'4

X Numerical solution Exact solution
0.00 1.00000000 1.00000000
0.01 0.3779543 0.3716134

0.02 0.37543377 0.37534787
0.03 0.37914317 0.37911980
0.04 0.3829523 0.3829296

0.05 0.38680048 0.38677775
0.1C 0.4066288 0.4066062

0.20 0.44938713 0.44936490
0.30 0.49664155 0.49662005
0.40 0.54886492 0.54884455
0.50 0.60657973 0.60656098
0.6C 0.6703634 0.6703468

0.70 0.74085418 0.74084044
0.80 0.81875725 0.81874712
0.90 0.90485206 0.90484646
1.00 1.00000000 1.00000000

Maximum error = 6.3409e-003

Table2. Numerical results of example 1 with h=1072,6=10"

X Numerical solution Exact solution
0.0C 1.0000000 1.0000000

0.01 0.37362461 0.37158036
0.0z 0.3753530 0.3753147

0.03 0.37911862 0.37908671
0.04 0.38292844 0.38289656
0.05 0.38677656 0.38674469
0.10 0.40660505 0.40657331
0.2C 0.4493637 0.4493325

0.30 0.49661892 0.49658877
0.40 0.54884348 0.54881492
0.50 0.60655999 0.60653369
0.60 0.67034598 0.67032272
0.7¢ 0.7408397 0.7408204

0.80 0.81874659 0.81873239
0.90 0.90484617 0.90483832
1.00 1.00000000 1.00000000

Maximum error = 2.0442e-003
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Table3. Numerical results of example 2 with h:10'2,£:10'4

X Numerical solution Exact solution
0.00 0.00000000 0.00000000
0.01 -0.97981098 -0.98970200
0.02 -0.97940951 -0.97940400
0.03 -0.96900981 -0.96890600
0.04 -0.9583121 -0.9582080
0.05 -0.94741346 -0.94731000
0.1C -0.8899198 -0.8898200
0.20 -0.75993184 -0.75984000
0.30 -0.60994274 -0.60986000
0.4C -0.4399527 -0.4398800
0.50 -0.24996186 -0.24990000
0.6C -0.0399703 -0.0399199
0.70 0.190021742 0.190060000
0.80 0.440014242 0.440040000
0.9C 0.71000703 0.71002000
1.00 1.000000000 1.000000000

Maximum error = 9.8910e-003

Table4. Numerical results of example 2 with h=1072,=10"

X Numerical solution Exact solution
0.0C 0 0

0.01 -0.98676244 -0.98988020
0.02 -0.97963626 -0.97958040
0.03 -0.96914631 -0.96908060
0.04 -0.95844628 -0.95838080
0.0t -0.9475462 -0.9474810
0.10 -0.89004563 -0.88998200
0.2C -0.7600435 -0.7599840
0.30 -0.61004049 -0.60998600
0.40 -0.44003645 -0.43998800
0.5C -0.2500316 -0.2499900
0.60 -0.04002611 -0.03999199
0.7¢ 0.18997993 0.19000600
0.80 0.439986392 0.440004000
0.90 0.709993124 0.710002000
1.0C 1.00000000 1.00000000

Maximum error = 3.1178e-003
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Table5. Numerical results of example 3 with h:10'2,£:10'4

Numerical solution

Exact solution

0.00 0.00000000 0.00000000
0.01 -0.97019349 -0.98000000
0.02 -0.96009095 -0.96000000
0.03 -0.94018736 -0.94000000
0.04 -0.9201857 -0.9200000
0.05 -0.90018326 -0.90000000
0.1C -0.8001707 -0.8000000
0.20 -0.60014663 -0.60000000
0.30 -0.40012381 -0.40000000
0.4C -0.2001022 -0.2000000
0.50 -8.20329e-05 4.44089e-16
0.6C 0.19993693 0.20000000
0.70 0.399954625 0.400000000
0.80 0.599971032 0.600000000
0.9C 0.79998615 0.80000000
1.00 1.000000000 1.000000000
Maximum error = 9.8065e-003

Table6. Numerical results of example 3with h= 1072,6=10"°
X Numerical solution Exact solution
0.0C 0 0
0.01 -0.97701164 -0.98000000
0.02 -0.96018336 -0.96000000
0.03 -0.94019085 -0.94000000
0.04 -0.92018828 -0.92000000
0.0t -0.9001857 -0.9000000
0.10 -0.80017296 -0.80000000
0.2C -0.6001484 -0.6000000
0.30 -0.40012530 -0.40000000
0.40 -0.20010345 -0.20000000
0.5C -8.29226-05 4.44089-16
0.60 0.199936295 0.200000000
0.7C 0.39995419 0.40000000
0.80 0.599970781 0.600000000
0.90 0.799986049 0.800000000
1.0C 1.00000000 1.00000000

Maximum error = 2.9884e-003
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Table7. Numerical results of example 4 with h:10'2,£:10'4

X Numerical solution Exact solution
0 1 1
0.10 1.00000640 1
0.20 1.00001281 1
0.30 1.00001922 1
0.4C 1.0000256 1
0.50 1.00003204 1
0.6C 1.0000384 1
0.70 1.00004485 1
0.80 1.00005126 1
0.9C 1.0000576 1
0.95 1.00006087 1
0.9¢ 1.0000615 1
0.97 1.00006116 1
0.98 0.99996283 1
0.9¢ 0.9900647 1
1 0 0

Maximum error= 9.9353e-003

Table8. Numerical results of example 4 with h=1072,=10"

X Numerical solution Exact solution
0 1 1
0.10 1.00000658 1
0.20 1.00001316 1
0.30 1.00001975 1
0.40 1.00002633 1
0.5C 1.0000329 1
0.60 1.00003950 1
0.7¢C 1.0000460 1
0.80 1.00005266 1
0.90 1.00005925 1
0.9t 1.0000625 1
0.96 1.00006320 1
0.97 1.0000638 1
0.98 1.00005438 1
0.99 0.99688111 1
1 0 0

Maximum error= 3.1189e-003
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Table9. Numerical results of example 5 with h:10'2,£:10'4

X Numerical solution Exact solution
0 1 1

0.10 0.90484301 0.90483741
0.20 0.81874087 0.81873075
0.30 0.74083196 0.74081822
0.4C 0.6703366 0.6703200
0.50 0.60654941 0.60653065
0.6C 0.5488320 0.5488116
0.70 0.49660680 0.49658530
0.80 0.44935119 0.44932896
0.9C 0.4065922 0.4065696
0.95 0.38676374 0.38674102
0.9¢ 0.3829156 0.3828928
0.97 0.37910677 0.37908303
0.98 0.37543376 0.37531109
0.9¢ 0.3815953 0.3715766

1 1.36787944 1.36787944

Maximum error = 1.0019e-002

Table 10. Numerical results of Example 5 with h =1072,6=10"°

X Numerical solution Exact solution
0 1 1

0.10 0.90484526 0.90483741
0.20 0.81874495 0.81873075
0.30 0.74083749 0.74081822
0.40 0.67034330 0.67032004
0.5C 0.6065569 0.6065306
0.60 0.54884019 0.54881163
0.7C 0.4966154 0.4965853
0.80 0.44936014 0.44932896
0.90 0.40660139 0.40656965
0.95 0.3867728 0.3867410
0.96 0.38292476 0.38289288
0.97 0.3791149 0.3790830
0.98 0.37535313 0.37531109
0.99 0.37479214 0.37157669
1 1.3678794 1.3678794

Maximum error = 3.2155e-003
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Table11l. Maximum absolute errors of the examples by the proposed method

h 273 27 27 276

Example 1

£=10"°  4.5865e-003 1.6473e-003  0084e-004 7.0621e-004

£=10""  4.0854e-003 1.1772e-003  4882e-004 2.6450e-004

£=108 3.9267e-003 1.0284e-003  0539e-004 1.2461e-004
Example 2

£=10"° 1.4680e-002 3.8650e-003  8088e-004 7.7618e-004

e=10"' 1.5668e-002 3.9500e-003  0230e-003 2.5626e-004

£=108 1.5981e-002 4.0618e-003  0365e-003 2.6296e-004
Example 3

£=10"° 2.5365e-002 6.5616e-003 9Qa0e-003 5.3799e-004

e=10"" 2.6204e-002 6.8541e-003 9342-003 4.6781e-004

£=108 2.6469e-002 7.0894e-003 947¢-003 4.6810e-004
Example 4

£=10"° 8.0531e-003 2.2763e-003 78%2-004 8.5536e-004

£=10"7 8.8667e-003 2.2836e-003 062e-004 1.6114e-004

£=1078 9.1243e-003 2.3422e-003 064®-004 1.5764e-004
Example 5

£=10"° 5.0063e-003 2.0391e-003 9727003 1.0795e-003

£=10"  4.2183e-003 1.3013e-003 8688004 3.8264e-004

£=10"% 3.9687e-003 1.0676e-003 Bo43004 1.6198e-004
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Table12. Maximum absolute errors of the exampleswith central difference scheme

h 273 27 27 276

Example 1

£=10"° 1.2221e+000 1.3394e+000  1.3992e+000 1.4271e+000

£=10"7 1.2222e+000 1.3396e+000  1.4002e+000 1.4306e+000

£=1078 1.2222e+000 1.3397e+000  1.4003e+000 1.4310e+000
Example 2

£=10"° 7.8124e+003 1.9531e+003  4.8825e+002 1.2206e+002

£=10"' 7.8125e+004 1.9531e+004  4.8828e+003 1.2207e+003

£=10"8 7.8125e+005 1.9531e+005  4.8828e+004 1.2207e+004
Example 3

£=10"° 7.8124e+003 1.9531e+003  4.8825e+002 1.2206e+002

£=10"' 7.8125e+004 1.9531e+004  4.8828e+003 1.2207e+003

£=10"8 7.8125e+005 1.9531e+005  4.8828e+004 1.2207e+004
Example 4

£=10"° 7.8124e+003 1.9531e+003  4.8825e+002 1.2206e+002

£=10"7 7.8125e+004 1.9531e+004  4.8828e+003 1.2207e+003

£=1078 7.8125e+005 1.9531e+005  4.8828e+004 1.2207e+004
Example 5

£=10"° 1.1979e+000 1.2526e+000  1.2808e+000 1.2914e+000

£=10"' 1.1980e+000 1.2530e+000  1.2822e+000 1.2969e+000

£=1078 1.1981e+000 1.2530e+000  1.2824e+000 1.2975e+000

5 Discussions and Conclusions

We have discussed the numerical integration witpoegntial fitting factor for singularly

perturbed two-point boundary value problems. Heve,replaced the given SPTPBVP by an
asymptotically equivalent delay differential eqoatiusing deviating argument. Then, numerical
integration with exponential fitting factor is erogkd to obtain a tridiagonal system which is
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solved efficiently by Thomas algorithm. We presehthe convergence analysis of the proposed
method and it is proved as first order convergehudel examples are solved and the numerical
results are compared with exact solution. We atesgnted the maximum absolute errors of the
examples with the proposed method and second oetdral difference scheme. We observed
that our method gives good results whes< h. This method is conceptually simple, easy to use
and is readily adaptable for computer implementatisith a modest amount of problem
preparation. Further, it is also observed thatateuracy predicted can always be achieved with a
little computational effort.
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