Journal of Advances in Mathematics and Computer Science

34(2): 1-11, 2019; Article no.JAMCS.52500
ISSN: 2456-9968

(Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

Existence of the Rotational Subsonic Stationary
Solution for a Two-Dimensional Bipolar Euler-Poisson
Equation

Fang Liu!" and Yeping Li!

lDepartment of Mathematics, Fast China University of Science and Technology, Shanghai 200237,
P. R. China.

Awuthors’ contributions

This work was carried out in collaboration between Bth authors. Author FL designed the study,
performed the statistical analysis, wrote the protocol, and wrote the first draft of the manuscript.
Authors YL managed the analyses of the study and managed the literature searches. Both authors
read and approved the final manuscript.

Article Information

DOLI: 10.9734/JAMCS/2019/v34i230209

Editor(s):

(1) Dr. Jacek Dziok, Professor, Institute of Mathematics, University of Rzeszow, Poland.
Reviewers:

(1) Asad Ullah, Kohat University of Science Technology, Pakistan.

(2) A. C. Wimal Lalith De Alwis, Sri Lanka.

(3) Pasupuleti Venkata Siva Kumar, Vallurupalli Nageswara Rao Vignana Jyothi Institute of
Engineering & Technology, India.

Complete Peer review History: http://www.sdiarticle4.com/review-history/52500

Received: 20 August 2019
Accepted: 24 October 2019
’ Original Research Article Published: 25 October 2019

Abstract

In this paper, we study a two-dimensional bipolar Euler-Poisson equation (hydrodynamic model),
which arises in mathematical modeling for semiconductors and plasmas. We are interested in the
existence of the rotational subsonic stationary solution. Under the proper boundary conditions,
we show the existence of rotational subsonic stationary solutions for the two-dimensional bipolar
Euler-Poisson equation. This result is the first result about the rotational subsonic stationary
solution for the multi-dimensional bipolar isentropic Euler-Poisson equation. The proof is
completed by delicate energy estimate and fixed point principle.
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1 Introduction

In this paper, we are concerned with the transient bipolar Euler-Poisson system, which is written
as (see [1, 2, 3])

on1 + div(nlul) =0,

edt(niur) + ediv(niur @ ur) + VP(n1) = Vg — =15,

8m2 =+ diV(TLQ’(LQ) = O (11)
1Ot (nauz) + pdiv(neus ® uz) + VP(n2) = —n2Ve — %,

)\2A¢ =MN1 —N2.

The unknown functions n;, u;(i = 1,2), and ¢ are the charge densities, velocities, and electrostatic
potential. The constant coefficients ¢ and p denote the scaled electron mass and the hole mass
respectively, and A > 0 stands for the Debye-length. The functions P(n;) and P(n2) are the
pressure-density relations which satisfy that n$ P’ (n1), n3 P’'(n2) are strictly monotonically increasing
from [0, 00) onto [0,00). A commonly used hypothesis is P(n;) = kn] (i = 1,2, > 1,k > 0). The
current densities Ji, J2 are given by

Jl = —niua, JQ = —N2U2.
7(> 0) represents the velocity relaxation time and is modeled as function of Ji, J2,n1,n2 and z:
T = T(Jl, Jg,nl, ng,l’).

One application of the hydrodynamic models (Euler-Poisson equations) is to describe the transport
of charged fluid particles such as electrons and holes in semiconductor devices or positively and
negatively charged ions in a plasma. These models can be derived from kinetic models, and take
an important place in the fields of applied physics and computational mathematics. According to
the different ansatz for the phase space densities, introduced to prescribe the dependence on the
velocity, we recover different limit models and, in particular, the drift-diffusion equations and the
hydrodynamic (Euler-Poisson) systems. More details on the bipolar Euler-Poisson equations can
be founded in, e.g., [2, 3] and some reference therein.

Recently, there are many studies on the subsonic, supersonic and transonic stationary solution of the
unipolar Euler-Poisson equations. More precisely, Degond and Markowich [4] and Fang and Ito [5]
discussed the well-posedness of the subsonic stationary solutions for the one-dimensional unipolar
isentropic Euler-Poisson equations, respectively. Peng and Violet [6] given an example for the
supersonic stationary solutions for the one-dimensional isentropic unipolar Euler-Poisson equations.
Ascher, etc. [7] and Rosin [8] investigated the transonic flow for the unipolar isentropic Euler-Poisson
equations with a linear pressure function, and the special boundary conditions and the special
doping profile, by phase plane analysis. A transonic solution which may contain transonic shocks
was constructed by Gamba [9] by using a vanishing viscosity limit method. Luo and Xin [10] given
a thorough study on the existence, structure and location of the transonic stationary solution for
the unipolar Euler-Poisson equations. Gamba and Morawetz [11] studied a viscous approximation
of transonic solution in the two dimensional semiconductor equations. Degond and Markowich
[12] and Yeh [13] established the irrotational subsonic stationary solutions for a multi-dimensional
unipolar isentropic Euler-Poisson equations, respectively. Markowich [14] showed the existence of
rotational subsonic solutions for the two-dimensional steady-state Euler-Poisson equations. Amater
and Beccar Varela [15] showed the existence of the subsonic stationary solution to a one-dimensional
non-isentropic unipolar Euler-Poisson equations. Markowich and Pietra [16] discussed the transonic
flow for the unipolar non-isentropic Euler-Poisson equations with a linear pressure function, and the
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special boundary conditions and the special doping profile, by phase plane analysis. Li and Zhang
[17] studied the irrotational subsonic stationary solutions for a multi-dimensional non-isentropic
Euler-Poisson equations. However, the study of the bipolar Euler-Poisson equation is far from
being mature. Tsuge [18] and Zhou and Li [19] discussed the unique existence of the subsonic
stationary solution for the one-dimensional bipolar Euler-Poisson equation, respectively. Cordier,
et al. studied the traveling wave solutions of the bipolar isentropic and non-isentropic Euler-Poisson
equations in [20, 1], where the stationary traveling wave solution may contain the transonic shock.
Li [21] showed the unique existence of the subsonic irrotational stationary solution for the multi-
dimensional bipolar Euler-Poisson equation. Motivated by [21, 14], we will show the existence of
rotational subsonic stationary solutions for the two-dimensional bipolar Euler-Poisson equation in
this paper.

First, when ni+ = wix = nat = u2e = 0, the corresponding stationary bipolar Fuler-Poisson
equations of the system (1.1) can be written as:

diV(n1U1) = 07
e(ur - V)ur + V(h(n1) — ¢) = =4,

div(nausz) = 0, (1.2)
p(uz - Vuz + V(h(n2) + ¢) = —“2,
A¢ = N1 — N2

for z € Q. Here Q be an open and bounded domain of R?, and h is the enthalpy function:

/
h'(s) = P ,E’S)’ s> 0and h(1) =0.
We also prescribe the following boundary conditions:
n1 =mnmip, N2 =nz2p, J1-v=Jip, J2-v=Jop, u1 = ———, ug = ——— on 09, (1.3)

where v denotes the outward unit normal of 9. Clearly, in accordance with (1.2); and (1.2)3 we
also require

/ JiDdSZO (Z: 1,2). (14)
o0

Before stating our results, we first give some assumptions:

(H1) Q is a bounded and convex of R? with 9Q € C?° ,§ € (0,1),
(H2) p € C*(RT), and p'(n;) >0, ¥ n; >0, i =1,2,
(H3) 7 = 7(J1, Jo,n1,n2,2), 7 € C*(R? x R?* x RT x RY x Q), 371,70, 73,74 > 0, s.t.
T <7 <10, [V 7|+ |Vip7| < 73, |367:1| + |3%T2| +|Var| < 74, V(J1, J2,n1,m2,2) € R x R? x RT x
R x Q,

(H4) nip,nap € Wz’q(Q) for some integer ¢ > 1%5 and 3N, N > 0,st. 0 < N < nip,naep <
N,Vz € 09,

(H5) wip = — 52 € W>24(Q), [, Jipds = 0(i = 1,2) and ||(Jip, J2p)|lw2.24 is small enough.

The assumptions guarantee a fully subsonic flow and allow us to control the vorticity of u; and us.
Now we state the main result of this paper by the following theorem.

Theorem 1.1. Let the assumptions (H1)-(H5) hold. Then the problem (1.2)-(1.3) has a solution
(n1, w1, m2,u2,¢) € C1°(Q) x WH1(Q) x 0 (Q) x WH2(Q) x C1*(Q).
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Remark 1.2. Here we only obtain the existence of the rotational subsonic stationary solution, but
the uniqueness is open. Moreover, it is an important and interesting to study the supersonic and
transonic stationary solution for the bipolar Euler-Poisson equations. Finally, it would be interesting
to investigate the stability of the rotational subsonic stationary solutions obtained in the paper as
in [22, 23, 24, 25]. These are what our effort should aim at in the forthcoming future.

The rest of this paper is organized as follows. In the next section, we make some preliminaries.
That is, we reduce the problem (1.2)-(1.3) to a series of the boundary value problem of the second-
order elliptic equations. We show the existence of the subsonic rotational stationary solutions of
the problem (1.2) with the boundary value (1.3).

2 Preliminaries

In this section, we make some preliminaries. First, motivated by [14], let us introduce the following
regularized system of (1.2) which facilitate the analysis to a large extent:

—?Auf + o2V (divuf) + e(uf - V)ug + V(h(nf) — ¢*) = ,%7

div(nfuf) =0,

—a®Aus + oV (divus) + p(us - V)us + V(h(ng) + ¢*) = — 22, (2.1)
div(nsus) =0,

A¢® =ni —n3,

subject to the boundary conditions:
n{ =nip, n3 =nep, ufl -V =uip, uy -V = uzp, curluf =0, curluy =0 on 99, (2.2)
and we set 7% := 7(—nfuf, —nSus,nf, ns, x).

Obviously, the divergence and curl of the regularization term —a?Au$ + o>V (divu$) equal to zero
and —a?Au? respectively.

Next, denoting wf* = curluf® and v, = (—uf,ufy) for i = 1,2, and taking the curl of (2.1); and

(2.1)3, we have

—?Aws + euf - Vuf + (edivud + = ) V(%) uf |,
—a?Aws + pu§ - Vws + (pdivus + wg V(%) Suy, (2.3)
wi =0, ws =0 on IN.

On the other hand, taking the divergence of (2.1); and (2.1)s, then using (2.1)2, (2.1)4 and (2.1)5
gives
Ah(n‘f) - na ZZJ 1 ulluljnlfb x; + (na)z (vnl Uy )2 - na le 1 ulz(u?])h( )

v
7.,.% Tzl ’u? - (nl )* EZi,j:l(Uh)z,- (ulj)zi 7V( ! ) uay

1
Ah(ng) — % Z?,j:l UFUT; NS, z; + %ﬁ(vng ug)? — % ij 1 Ui (U35)2; (N ), (2.4)
ono
_% an cug + (nf —ng) = —p Z?,j:1(u%i)lj (ugj)zi - V(TT) - ug,

ny =nip, nS =nep on I.
Then we can regard (2.3) as elliptic problems for w{, ws and (2.4) as elliptic problems for nf, n%.
Finally, in order to control the curl-free part of uf, us, we split uf,uS in the way as usual

up = =Vyi + o7, uz = -Vi3 + 03, (2.5)



Liu and Li; JAMCS, 34(2): 1-11, 2019; Article no. JAMCS.52500

where dive? = 0in Q, ¢ -v = 0 and Vo - v = —u;p on 9Q, i = 1,2. Let us define (— iy, thizy )"
for ¢ = 1,2, then we have

{ i;lzﬂf:wéj, z € Q, (2.6)
and
{ d?v(nngg) = d%v(niag), Vlbg -rlog = —uip, 2.7)
div(n§Vyg) = div(nsos), VY5 - r|eq = —u2p.
In order to obtain a unique solution ¥j*, we require
/sz?dm =0,i=1,2. (2.8)

It is easy to see that the existence of system (2.1)-(2.2) and (2.3)-(2.8) is equivalent.

3 Existence of the Subsonic Rotational Stationary
Solutions

In this section, we give the proof of the subsonic rotational stationary solution of (1.2)-(1.3). Firstly,
we use the Schauder fixed point theorem to establish the solutions of (2.3)-(2.8). For convenience,
we will skip the superscript . For this aim, we define the following closed and convex sets:

A= {(m1,mz) € C* (@) x CY(@) : N < m1,mz < N, ||(ma,ma)]lr.s < N,
B = {(v1,v2) € W"1(Q) x WH?1(Q) : ||(v1, v2) [lw1.20 0y < 7, [|(divor, dives)| Lo ) < 7}
here N > 0 and v > 0 are constant to be defined later. Choosing (mi,ma2,v1,v2) € A X B,

where v1 = (v11,v12),v2 = (v21,V22), we can construct the fixed operator T' : (m1,m2,v1,v2) —
(n1,m2,u1,us2) as follows: First, solve

A&~ s 2 titisine, — € S b ) (),
+e LG (T - 1 Jor - VEL — oty vn - VE = (9(61) — 9(62) (3.1)
= —¢€ Zij:l(vli)xj (Ulj)wi + le E?,j:l Uli(vlj)wi (ml)fcj - V(%) s U,
51 = h(nlD) on 8(2,
and
" h .
ALy = gy 3 o1 V2i025E2m, 0, — Mty Yoo V21025 (M2)z, (€2),
-HL%(VWQ . U2)7)2 . sz - mw . V€2 + (9(51) - 9(52)) (3.2)
= =7 iy (2i)a; (V2)a; + 5 307 Ly vai(vag)a; (Ma)ay — V() - uz,
Tiy = h('rLQD) on 39,

where g = h~! is the inverse function of h and 7o := 7(—miv1, —mav2, m1, ma, ). Then compute
n; from n; = g(&), i =1,2.

Next, solve
—a?Aw;y + evy - Vwy + (edivey + rlT))wl = ,v(%) SV,
—a?Aws + vy - Vwy + (pdivos + %)wz = —V(%) “v2l, (3.3)
w; =0, we =0 on 0L,

for wy, wa.
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Finally, solve

Api = w;, pilog =0, i=1,2, (3-4)

and set 0; = ( /:‘Mm ) , i = 1,2, and compute v; from
T

div(n;Vips) = Vn, - 05, Vi - rlag = —wip, / Yidx = 0, (3.5)
Q

and set u; = =V, + 0;.

Therefor, in the following, we only need to show that T': A x B — A X B is a continuous compact
operator when the parameters N, ~ are chosen appropriately.

At first, about (3.1) and (3.2), we have

Lemma 3.1. Let the assumptions (H1)-(H5) hold, then there exist e1,u1,71 > 0 such that the
problem (3.1) and (3.2) has a unique solution (n1,n2) € A, for all € € [0,e1], p € [0, 1] and
7 €[0,m]

Proof. The problem (3.1) and (3.2) is elliptic equations if and only if

lv1| < V/p'(ma) /e, Jva] < /P (m2)/p,

this is certainly holds for all € € [0,e1], p € [0, p1] if v < %minﬂgmgﬁ \/p'(m)/e, where C\ is
the bound of the imbedding W*24(Q) — L*°(Q) and ¢ = max(e1, 1). Then, from the existence

theories of the second-order elliptic equations in [26, ?], we can obtain a unique solution (£1,£2) €
W21(Q) x W29(Q). Set (&1 —h(N))" = max(é& — h(N),0) and (&2 — h(N))" = max(é — h(N),0).

Multiplying (3.1)1 by (1 — h(N))™T, (3.2)1 by (¢2 — h(N))™ respectively, and integrating them over
), we have

[ 1916 B P [ 2SS w6~ AV 6~ ROV

i,j=1

-/ Z Sy it (68— (V) (€ — A(N))

1,7=1

% Z w101 (ma)ai (€ — h(N))a, (€1 — h(N)) *da

- / LA (G T — ) V(e — A& — h(N)) de

mi Top’ (m1)

+/(9(51)*9@2))(51 h(N)tdz
Q

= [ X s, ) =y 2 (o) m ey + V() 0)(€ — (V) da,
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and
[ 1V~ n(w)* P - (€2 — h(N))a, (€2 — h(N))?, da
/"zj itz e, (€ — h(W))e, (€2 — h(N))*da
EjTRJEZWWWMM&—()M@—MMWM
[T T Fayen - ) (e~ W) (&~ )
—L@@%wh»@—Mﬁﬁw
- szywm@mu7%§jmmmmmm+w%»w@—MMVm
Noting
HV(nmmw:|mmmns%mu+Nwaw+n»
and applying Cauchy-Schwarz inequality to the above equalities, we can obtain
/WV§V— |dx+/X(a>—<&»@1—MNw+w
< Cw/ﬂ|§1 \+/V€1 — h(N))"dx),
and
l/W&— |m—/(@ww@M@—<>ﬁw
- 2 — 2 — + i 9
< @VAM2 \+/ve * (€ — h(W))* dz)

from the definition of N, we have
| (0(€) = a(ea)) (€ = () da = | (ale0) = g(€2) 62— MN)) o > 0
Hence, set Cs = max(Cy, Cz), we can obtain
[ IV = h®@) P+ [ V(& ~ hE)* o
< Corl[ I =)+ [ Ve~ B (6 — (V) do

~N 2 )T M) T
+Amrwwww+AV@—mm>@—mm>mx

Setting v < 1 = min(1, c%,) and using Poincare inequality, we have

IV (& = RNz + 11V (&2 — R(N)) Tz < 0.
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Therefore, we conclude £1, &2 < h(N). Applying the monotonicity of h, we have ni,na < N.

In the similar way, we can prove ni,ne > N. Finally, from the W29- theory of the second-order
elliptic equations in [26], we have

161, €&2)lw2a() < C(N, N,eN, pN, [[h(nap)| e, [h(nzp)lze, v, [V (— )Hm(m)
Taking p1,e1 small enough and for v < 71, we have
(&1, &) lw2a(0) < C(N, N, 1,[|h(n1p)l|za, [(n2p) | Le, HV( za)-

Because of the continuous imbedding W29(Q2) — C**(Q), we can choose proper N such that
[(n1,m2)llcrsm < N- (3.6)
This completes the proof.

Next, we are concerned with the analysis (3.3). The existence of a unique solution in W?*2(Q) is
immediately obtained if edivu; + % > 0 and pdives + = > 0, which hold % > max(eq, p1)y. In
the following Lemma we will give the estimate of (w1, w2) and then show (u1,uz2) € B.

Lemma 3.2. Let the assumptions (H1)-(H5) hold, then there exists 72 > 0 such that the solution
(w1, w2) of (3.3) satisfies
o® | Aw| 2q(0) + w1l 20 (0) < Cler, 72)7(7a +737) (1 + N), 3.7)
|| Awz|| 20y + lwallz2a(@) < Cu1,72)7(ra + m37) (1 + N), (3.8)

for all € € [0,e1], p € [0, p1], v € [0,72], (m1,m2) € A and (v1,v2) € B. Furthermore, there exist
~vs > 0 such that (u1,u2) € B for all v € [0, 73].

proof. We firstly deduce (3.7) and then we can get (3.8) similarly. Multiplying the equation (3.3);
by wfq_l and integrating by parts, we obtain

_ 1 29 —1
(zq—1)a2/ (Vs | |ws |29 zdx—f—/ﬂ(%—i—e: q2q divoy) [ws |*da

/V cop wi N,

2q1

Set v2 = then 7 +e divey > 5 holds for all v € [0, 72], then we have

27267

1 2
%lellizq(m < CWHV( )Ilm @ w1750 )
hence
leﬂfﬂqm) < CVHV( )HL24(Q)

Further, using (3.3)s and the estimate (3.6), we can obtam (3.7). We now estimate on (u1,uz) from
(3.4). From (3.4) we have

||/~L’i||W2v2‘1(Q) < CHwi”L?qm),
consequently, (3.7) and (3.8) give

lloillwiz) < Cy(1+ N)(7a + 737). (3.9)
Similarly, by using the estimate on (| Aw; || ;2q(q), we can obtain

lloillws.2a@) < Cla, v, N) (3.10)
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where ¢ = 1,2, which will omit in the proof for convenience.

The Neumann problem (3.5) has unique solution v; since dive; = 0 and since fan n;puipdr = 0
hold. We obtain the W'27(Q)-estimate for V1); just as for Dirichlet problems:

IVYillwi.2a) < C(N)(luinllwr.2a(q) + |illL2a(a))s (3.11)
and by using (3.6) and (3.9)
[AYillLoe (@) < C(N)(IVYillwizae) + loillwi.zaq))-
Using the similar method, we obtain
(IVYillwz2a(0) < C(N, v, €)([luip llw2.24() + loillwi.2qa0)), (3.12)
and
HAwinwl’q(Q) < C(N,7, 5)(||V1/Ji||wl,2q(n) + HUiHWLZQ(Q))-

(see [27] for W*P-estimate of solution of elliptic Neumann problems). We conclude from (3.9),
(3.11) and by using divu; = —A;:

uillwra@) < Ca(N)(y(ra + 737) + luinllwr2a()),
[divaillwia@) < Ca(N)(V(7a + 737) + [luip lw1.2a())- (3.13)

Finally, we choose 73 = min(y1,72,1/(3C4(N)73)), where 1,72 are given by Lemmas 3.1 and 3.2
respectively. Then, if

v
< — i , < — ),
T4 S 304(N)T3’ ”u DHWl 29(Q) = 3C4(N)7.3

hold, we have
luillwra) < v, [Idivu||Le @) < 7.
Thus, with the above choices of N, N, N,~v we have
T:AxB— AxB.
This completes the proof. Now we can show that
T:AxB—AxB

is a continuous compact operator. At first, (3.10), (3.12) and (3.13) give

||Ui||w2,q(g> < C(E7a)7 Hdivui”leq(Q) < 0(67 a)7 (314)
which together with (3.6), implies that the image of A x B under T is precompact in C*!(Q) x
CoH(Q) x (WH2(Q) N {uy : divus € L=®(Q)}) x (WH2(Q) N {uz : divue € L=(Q)}). Using W%
estimates for elliptic boundary value problems, the proof of the continuity of 7" is standard and will
be omitted here.

Finally let us give the proof of Theorem 1.1 as follows.

The proof of Theorem 1.1. From what we have showed that the regularized problem (2.1)-(2.2)
has a solution (n§,ng,uf,us,¢*) € A x B x CH*(Q).
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Now take a sequence a — 07. Then there is a subsequence, which we shall denote by the same
symbol, such that

ny —ni in W»4(Q) weakly,

ng — ng in W>%(Q) weakly,

uf = ur in WH?9(Q) weakly,

uy — uz in WH?Y(Q) weakly,

™ — ¢ in C"°(Q) weakly,

hold for solutions (nf,n%,uf,uf,$") constructed above. Then, we can obviously obtain that
(n1,m2,u1,usz, @) satisfies (1.2)-(1.3). This completes the proof.

Acknowledgements

We are grateful to the anonymous referees for valuable comments which greatly improved our
original manuscript. The research is supported in partial by the National Science Foundation of
China (Grant No. 11671134).

Competing Interests

Authors have declared that no competing interests exist.

References
[1] Cordier S, Degond P, Markowich PA, Schmeiser C. Travelling wave analysis and jump relations
for Euler-Poisson model in the quasineutral limit. Asym. Anal. 1995;11:209-240.

[2] Jingel A. Quasi-hydrodynamic semiconductor equations. Progress in Nonlinear Differential
Equations and Applications, Birkh&user; 2001.

[3] Markowich PA, Ringhofev CA, Schmeiser C, Semiconductor equations. Springer-Verlag, Wien,
New York; 1990.

[4] Degond P, Markowich PA. On a one-dimensional steady-state hydrodynamic model for
semiconductors. Appl. Math. Letters. 1990;3:25-29.

[5] Fang W, Ito K. Steady-state solutions of a one-dimensional hydrodynamic model for
semiconductors. J. Differential Equation. 1997;133:224-244.

[6] Peng YJ, Violet I. Example of supersonic solutions to a steady state Euler-Poisson system.
Appl. Math. Lett. 2006;19:1335-1340.

[7] Ascher U, Markowich PA, Schmeiser C. A phase plane analysis of transonic solutions for the
hydrodynamic semiconductor model. Math. Models. Appl. Sci. 1991;11:347-376.

[8] Rosin MD. A phase analysis of transonic solution for the hydrodynamic semiconductor model.
Quart. Appl. Math. 2005;63:251-268.

[9] Gamba IM. Stationary transonic solutions for a one-dimensional hydrodynamic model for
semiconductors. Comm. Partial Differential Equations. 1992;17:553-577.

[10] Luo T, Xin Z. Transonic shock solutions for a system of Euler-Poisson equations. Commun.
Math. Sci. 2012;10:419-462.

10



Liu and Li; JAMCS, 34(2): 1-11, 2019; Article no. JAMCS.52500

[11]

12
13
[14]
[15)
[16]
17)
18]
[19)
[20]
[21]
[22]
23]

[24]

[25]
[26]

[27]

Gamba IM, Morawetz CS. A viscous approximation for a 2D steady semiconductor or transonic
gas dynamic flow: Existence theorem for potential flow. Comm. Pure Appl. Math. 1996;49:999-
1049.

Degond P, Markowich PA. A steady-state potential flow model for semiconductors. Ann. Mat.
Pura Appl. 1993;4:87-98.

Yeh L. Subsonic solutions of hydrodynamic model for semiconductors. Math. Methods Appl.
Sci. 1997;20:1389-1410.

Markowich PA. On steady-state Euler-Poisson model for semiconductors. Z. Angew Math.
Phys. 1991;62:387-407.

Amater P, Beccar Varela MP. Subsonic solution to a one-dimensinal nonisentropic
hydrodynamic model for semiconductors. J. math. Anal. Appl. 2001;258:52-62.

Markowich PA, Pietra P. A non-isentropic Euler-Poisson model for a collisionless plasma. Math.
Meth. Appl. Sci. 1993;16:409-442.

Li YP, Zhang JZ. Stationary solutions for a multi-dimensional nonisentropic hydrodynamic
model for semiconductors. Math. Comput. Model. 2009;49:163-177.

Tsuge N. Existence and uniqueness of stationary solutions to a one-dimensional bipolar
hydrodynamic models of semiconductors. Nonlinear Anal. TMA. 2010;73:779-787.

Zhou F, Li YP. Existence and some limits of stationary solutions to a one-dimensional bipolar
Fuler-Poisson system. J. Math. Anal. Appl. 2009;351:480-490.

Cordier S, Degond P, Markowich PA, Schmeiser C. Tracelling wave analysis of an isothermal
Euler-Poisson model. Annales de la Faculté des Sciences de Toulouse. 1996;4:599-643.

Li YP. Existence and some limit analysis of stationary solutions for a multi-dimensional bipolar
Euler-Poisson system. Dis. Cont. Dyn. Sys. 2011;B16:345-360.

Huang FM, Li YP. Large time behavior and quasineutral limit of solutions to a bipolar
hydrodynamic model with large data and vacuum. Discrete Cont. Dyn. Syst. 2009;24:455-470.
Huang FM, Mei M, Wang Y. Large time behavior of solution to n-dimensional bipolar
hydrodynamic model for semiconductors. SIAM J. Math. Anal. 2011;43:1595-1630.

Huang FM, Mei M, Wang Y, Yang T. Long-time behavior of solution to the bipolar
hydrodynamic model of semiconductors with boundary effect. SIAM J. Math. Anal.
2012;44:134-1164.

Luo T, Rauch I, Xie CJ, Xin Z. Stability of transonic shock solution for one-dimensional
Euler-Poisson equations. Arch. Rational Mech. Anal. 2011;202:787-827.

Gilbarg D, Triiddinger NS. Elliptic partial differential equations of second order. Springer-Verlag,
New York; 1998.

Brezzi F, Gilardi G. Fundamentals of P.D.E. for numerical analysis. Report Nr. 446, Inst. di
Analisi Numerici, Univ. di pavia, Italy; 1998.

©2019 Liu and Li; This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (hitp://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribu-
tion and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

hitp://www.sdiarticle4.com/review-history /52500

11


http://creativecommons.org/licenses/by/2.0

	Introduction
	Preliminaries
	Existence  of  the  Subsonic  Rotational  Stationary Solutions

