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Abstract

In this paper, Aboodh transform which is based on then#idr decomposition method (AADM) i
introduced for the approximate solution of the linear andlinear systems of partial differential
equations. This method is very powerful and efficient tephes for solving different kinds of linear and
nonlinear System of PDEs. The result reveals that thyeoged method is very efficient, simple and ¢an
be applied to linear and nonlinear problems.

Keywords: AboodhAdomian decomposition methasl/stems of PDEs; Adomian polynomials.

1 Introduction

Systems of partial differential equations (PDEs) [ladlse in many scientific models such as the
propagation of shallow water waves and in examining the chere@etion —diffusion model of Brusselator.
the general ideas and the essential features of thetsemsyare of wide [5-6] applicability. In the recent
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years, many authors have devoted their attention to studyosaldf nonlinear system ofpartial differential
equations using various methods. Among these attemptheat®motopy perturbation method, variational
iteration method [7-8], Laplace decomposition method met®dddjfferential transform method [10],
Homotopy Perturbation Method [11-12], projected differentteéhnsform method, and Adomian
decomposition method the Adomian decomposition approach has bekd appibtain formal solutions to
a wide class of both deterministic and stochastic PDEs. détomposition method has emerged as an
alternative method for solving a wide range of problems whuoathematical models involve algebraic,
differential, integral, integro- differential, higher-orderdinary differential equations,partial differential
equations (PDEs) and systems [13-21]. These works arenatired in the following. In [13] used the
Adomian's Technique for solving an Nonlinear Wave Equatiardik S. Patel and Ramakanta Meher. [14]
used Modified Adomian decomposition method for solving eleverdbroinitial and boundary value
problems. Mohammed E. A. Rabie et al. [15] studied syst@finear partial differential equation by using
Adomian and modified decomposition methods. Hardik S.|PR@&makanta Meher. [16] Presented an
Application of modified Adomian decomposition method for sajvirigher order boundary value problem.
Guellal et al. [17] used the decomposition method for solvifigrdintia systems coming from physics. They
gave a comparison Between the Runge-Kutta method ancetmengosition technique. Trushit Patel and
Ramakanta Meher [18] used the Adomian decomposition methalfang Infiltration Problem Arising in
Farmland Drainage. In [19], the Adomian's scheme was usesbiving differential systems for modeling
the HIV immune dynamics. Mustafa Inc. [20] used the decaitipa method for solving partial differential
equations numerically. Hardik S. Patel, Ramakanta M¢B&} presented an Application of Laplace
Adomian Decomposition Method for the soliton solutions of Bimess-Burger equations. Recently, Khalid
Aboodh, has introduced a new integral transform, namedblo@dh transform [22-26], and it has further
applied to the solution of ordinary and partial difféi@nequations. In this article, we use AboodhAdomian
Decomposition Method together to solve Nonlinear System ofsPDE

2 Aboodh transform

A new transform called the Aboodh transform defined forcfiem of exponential order we consider
functions in the sed, defined by:

A={f(©:3M k. k; > 0,|f (O] <Me™} @)

For a given function in the sgf must be finite numbeét,, k, may be finite or infinite. Aboodh transform
which is defined by the integral equation

A[fO]=K®) == [ f(Oe™dt ,t >0,k <v<k, )

v

2.1 Aboodh transform of some functions

A== Alt"] =

e e

Alsin(at)] = v(v++az) , Alcos(at)] = ﬁ
Alsinh(at)] = ﬁ , Alcosh(at)] = ﬁ

2.2 Aboodh transform of some partial derivative

Afu(e, 0] = K(xv) , A[Z22] = K@), A

9%u(x,t)
9x2

] =K"(x,v) |,
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A [6nu(x,t)] =K™(x,v), A [au(f't)] =vK(xv) - @

ax™m a
%u(x,t) u(x,0)
D _ 2 _ et _
A[ pye: ] V2K (x,v) ” u(x,0)

3 Aboodh—-Adomian Decomposition Method

In this section, we present a Aboodh -Adomian decompasitiethod for solving of partial differential
equations written in an operator form

{LtU +R,(UV) + N, (U,V) =G, @)
LV + Ry(U,V) + Ny (U, V) = G,

With the initial conditions
U(x,0) = f1(x),V(x,0) = f(x) (4)

WherelL, is considered a first-order partial differential operakQtR, andN,,N,are linear and nonlinear
operators, respectively. Angl ,G,are source terms. The method consists of first applyiegAboodh
transform to both sides of equations in system (3):

{{A[LrU] +A[R, (U, V)] + A[N, (U, V)] = A[G4] ®)
A[LeV] + A[Ry (U, V)] + AN, (U, V)] = A[G,]

Using the differentiation property of Aboodh transform andvahinitial conditions (4), we have:

E(UCx, )} =22 + 2 (A[6,] - A[R, (U, V)] = AN (U, V)]

6
E(V (x, 00} = 232+ 2 (A[G,] - AR, (U, V)] = AN, (U, V)]) ©

Operating with the Aboodh inverse on both sides of Eq.(@sgi

{U(x, D) = £,(0) + A7 [; (A[G,] - A[R, (U, V)] = AN, (U,V)])] -

V0, t) = f,() + A7 [ (A[G,] — A[R,(U, V)] - A[N(U,V)])]
The Adomain decomposition method defines the solutitirst) andV (x, t) by an infinite series
Ux,t) = Xn=o Un(x, t) o V) =Ea=o Valx, ) 8

Where the components,(x,t) andV, (x,t)are usually determined recurrently. The nonlinear operato
N,, N, can be decomposed into an infinite series of polynomiaénddy

N, = Zﬁ:o B, ) N, = Zﬁ:o En 9

Where B, and B, are the so called Adomain polynomials 8§, Uy, U,,..U, and Vy,V,,V,,..V,
respectively. They are determined by the following reteti

1 4m i = 1 dm i
By = ——[Ni(Auli=0 » Bn = m[N2(Pu)li=o n=012,.. (10)

n!

Substituting (8) and (9) into (7), gives
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w0 Un = i) + A7 [2(A[G)] — A[Ry (B Un, Biico V)] — A[N: (B0 Au)]) )
Poh = f(0) + AT [2(A[G,] — ARy (S5m0 U Do V)] — AN (B AD)]
Applying the linearity of the Aboodh transform, we defithe recursive relations are given by:
Up = fi(0) + A7 [ (ALGD)] )
Uner = =47 [2 (ALRy (Tis—o Un, Sz Vi) + AIN, (S An)D)|
and ,
Vo = fo(0) + A7 [ (A[G.D)] )
Vier = =471 [2 (IR, Bz Un, Bz Vi) + AINy (B0 An)D)]

4 Applications

In this section, we use the AADM to solve homogeneous ahdmogeneous linear system of partial
differential equations and homogeneous and inhomogeneous nontipetam of partial differential
equations.

Example 3.1

Consider the homogeneous linear system of PDEs:

U=V, +U+V)=0
{Vt—Ux+(U+V)=O (14)
With the initial conditions
U(x,0) = sinhx,V(x,0) = coshx (15)

Taking the Aboodh transform on both sides of Eq. (14) then, by tisindifferentiation property of Aboodh
transform and initial conditions (15) gives

EU(x, )} = 55 + 2 (Al — (U + VD) )
EV(x, 00} = =55+ (AlU, — U + V)]
Operating with the Aboodh inverse on both sides of Eq. ¢M&s:
U(x,t) = sinhx + A1 E AV, — (U + V)])]
17)
V(x,t) = coshx + A1 [l (A[U, — (U + V)])]
The AADM defines the solution$(x, t), V(x, t) by the series
U= Zﬁ:o Un , V= Zﬁ:o Va (18)
and the term#, andV, by an infinite series
U, = Zﬁ:o Unx NS Zfi:o V;Lx (19)
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Substituting series in (18) and (19) into both sides of EQ.\ig®s

i Un = sinhx + A7 [ (A[Zi0 Vi, — (iimo Un + Ziico W]))]

0 -11 0 ) 0 (20)
Y=o Vp =coshx + 4 [; (A [Zn:o Unx — (Xr=0Un +X7=0 Vn)])]
Now we define the following recursively formula:
Uy = sinhx
{VO = coshx (21)
and ,
11
Unsr = 471 [2(4]V,, — W + W) . -
—1 01 -
Unir = A7 [2(A[Un, = Wn + W))]
1 1
U, =41 [; (A[Vo, — (o + VO)])] =41 [; (A[sinh x — (sinh x + cosh x)])] = —tcoshx
1 1
V,=A"1 [; (A[Uo, — Uy + VO)])] =41 [; (A[cosh x — (sinhx + cosh x)])] = —tsinhx
1 1 t?
U,=A4A"1 [; (Alvi, — (U, + Vl)])] =41 [; (A[—t cosh x — (=t sinhx — t cosh x)])] =3 sinh x
1 1 t?
V,=471 [; (Alu,, — (U, + Vl)])] =41 [; (A[—tsinhx — (—t cosh x — t sinh x)])] =3 cosh x
Proceeding in a similar way, we have:
U—A‘llAV U, +V. —t3 h
3= ;([zx_(z"‘ 2)])—_§C05x
V—A‘llAU U, +V. —t3'h
3 = ;([zx_(z"‘ 2)])—_55”195
And so on for other components. Using (8), the series sotudiantherefore given by
2 4 3 5
U= sinhx(l +% +£ ) - coshx(t +; +é )
tlz t'4 t's t's (23)
V= coshx(l +—= += ) - sinhx(t+— +—= )
2! 4! 3! 5!
In series form, we can find the exact solutions
U = sinh(x — t) , V =cosh(x —t).
Example 3.2
Consider the inhomogeneous linear system of PDESs:
U —Ve—(U-V)=-2
{Vt +U,—U=-V)=-2 (24)

With the initial conditions
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Ux,0)=14+¢e* , V(x,0)=-1+¢e* (25)

Taking the Aboodh transform on both sides of Eq. (24) then, Ing tise differentiation property of Aboodh
transform and initial conditions (25) gives

EUG, 0} = 25+ UAl-2 + % + W - V)] o5
E(V(x, 00} = 2= + L (A[-2-U, + (U - V)]
Operating with the Aboodh inverse on both sides of Eq. ¢R@s:
U(x,t)=1+e"—2t+A‘1E(A[Vx+(U—V)])] on
27
V(x,t) = —1+e* — 2t + A1 E (A[-U, + (U — V)])]
The LADM defines the solutiong(x, t), V (x, t) by the series
U=2Xr-0Un v V=200l (28)
and the term#,, andV, by an infinite series
Uy = X5-0 Unx v V=200 an (29)
Substituting series in (28) and (29) into both sides of EQ.\{2Ws
roUn =1+ =2t + A7 [ (A[Zr0 Vi + Bitco Un — Zimo W] 0
SiioVh =—1+e* =2t + A7 [ (A[=Too U, + (Sico U — Sico W)]))]
Now we define the following recursively formula:
Up=1+e*-2t
{VO =-1+e" -2t (31)
and ,
-1 1
Unar = A7 2 (4, + Wa = V)])]
o n=0 (32)
Unsr = A7 [2(A[~Un, + U = W)

U =A71 E (A[Vo, + (Uy — VO)])] =47t E (Ale* +1+e* —2t—(-1+e* — 2t))])] = t(e* +2)

1 1
Vv, =471 [; (A[-Uo, + (U, — vo)])] =A"1 [; (A[-e*+1+e*—2t—(—-1+¢e* - 2t))])]
=t(—e* +2)

Proceeding in a similar way, we have:
L t?
U, =4 [; (A[vy, + (U, - Vl)])] =5 ¢

1 2
V,=A"" [; (A[-Uy, + (U, — Vl)])] = % e*
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1 3
U; =A"t [; (A[Va, + (U, — Vz)])] = % e*

1 3
e Bl s o] -5

And so on for other components. Using (8), the series sotuiantherefore given by

2 3
Ust+e*(1+t+s +5 +-)

V=—1+ex(1—t+%2—;+---) e
In series form , we can find the exact solutions

U=1+e*t | V=-1+¢e*".
Example 3.2
Consider the inhomogeneous nonlinear system of PDESs:

oty o] (34)

With the initial conditions

Ux,0)=e* , V(0 =e* (35)

Taking the Aboodh transform on both sides of Eqg. (34) then, by tisindifferentiation property of Aboodh
transform and initial conditions (35) gives

E(UG 0} = 5 + 2 (A1 = VU, - U])

e 1 (36)
EVx, 0} = —+-(A[1+ UV +V])
Operating with the Aboodh inverse on both sides of Eq. §B@s:
UG, t) =e* +t— A1 [1 (A[VU, + U])]
4 (37)

Viot) = e +t+ A7 LAY + VD)

We represent/(x, t), V(x, t) by the infinite series (8) then, inserting these sdri® both sides of Eq. (37)
yields

TisoUn = X+t = A7 [F (AlEr—0 An + Tz UnD)]

(38)
TicoVh = e+t + 47 [ (A[Zho0 Ay + Tico Vo)
Where4,, and4,, are the so-called Adomian polynomials by (9) tlegiresent the nonlinear teri#, and
UV, respectively. We have a few terms of the Adomianmutyials forV U, andUV,, which are given by
Ap = Voon
Ay =ViUy, + VoUy,
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AZ = VZUOX + V1U1x + VOUZX
A3 = V3U0x + VZle + V1U2x + V0U3x

and,
Ay = Uovox
Ay = UV, + UV,
AZ = UZVOx + Ulle + UOVZX
Az = UsVy, + UV + UiVo, + Ugls,
Now we define the following recursively formula:

UO =t+ ex
{VO =t+e* (39)

and,

Unir = =471 [ (8520 A + Tiio UnD)]

n=0 (40)
Unir = A7 [ (Al An + oo Va])|
t2 2
Uy = —t—z—tex—ze"
t? t?
Vy=-—t _i-l- te™ —Ee"‘

t2
— 2,x
U2—2!+t et +
2

V, == t—+ t?e™* + -
z 2!

Similarly, we can find other components. Using (8), theesexolutions are therefore given by

U=e"(1—t+;—;+m)
2 43 (42)
Ve (1+t+s +2 +)

In series form, we can find the exact solutions

— -t — ,—Xx+t
U=e* , V=¥t

5 Conclusion

In this paper, Aboodh transform which is based on then#idn decomposition method (AADM) is
introduced for the approximate solution of the linear and nanlisgstems of partial differential equations.
This methods is very powerful and efficient techniques &wirsg different kinds of linear and nonlinear
System of PDEs. The method presents a useful wdgwelop an analytic treatment for these systems. The
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result reveals that the proposed method is very efficianpls and can be applied to linear and nonlinear
problems.
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