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Abstract

In this paper, we propose a viral infection model governed by three stochastic differential
equations. The global existence and positivity of solutions is investigated. Further, we give
sufficient conditions for the stability in probability of the endemic equilibrium by using the direct

Lyapunov method. Moreover, an application and numerical simulations are given to illustrate
our theoretical results.
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1 Introduction

The mathematical modeling of the viral infections has played an important role in the better
understanding of the dynamic of the viruses that invade almost any type of body tissue, from the
brain to the skin [1], such as the human immunodeficiency virus (HIV), the hepatitis B virus (HBV),
the hepatitis C virus (HCV) and the Influenza which are the major diseases in the world. In the last
decade, ordinary differential equations have been used by many authors in epidemiology as well as
virology [2-10]. The basic and the important research subjects of this systems are existence of the
threshold value which distinguishes whether the local and global stability of steady states, existence
of periodic solutions, persistence and extinction of disease.

Recently, Hattaf et al. [11] studied the dynamical behavior of a virus dynamics model with general
incidence rate and cure rate described by the following viral infection model

dz(t) = A= dx(t) — fa(), y(t),v(t))v(t) + py(t),
d?izit) = [ (@) y(0), (1) v(t) - (a+ p)y(0), (1)
U

where z(t), y(¢t) and v(t) denote the concentration of uninfected cells, infected cells and virus
particles produced by infected cell at time ¢, respectively. The A and k are the recruitment rate of
uninfected cells and the production rate of the free virus by an infected cell. The p is the cure rate of
the infected cells to uninfected cells. The §, a and u are, respectively, the death rates of uninfected
cells, infected cells and free virus with p > a. Biologically speaking, the natural death rate of free
virus is always bigger then the natural death rate of infected cells. The term f(z,y,v)v describes
the incidence of virus infection of healthy z cells. The incidence function f(z,y,v) is assumed to
be continuously differentiable in the interior of R% and satisfies the following hypotheses:

f(0,y,v) =0, forally>0andv >0, (H1)
%(m,y,v)>0, forall x>0,y >0andv >0, (H>2)

of of
a—y(m,y,v) <0 and %(x,y,v) <0, forallz>0,y>0andv>0. (Hs)

As in [11], the basic reproduction number is given by

kf(é7070)
Roy= —90 _~
(p+a)u

which biologically represents the average number of secondary infections produced by one infected
cell during the period of infection when all cells are uninfected. Moreover, Hattaf et al. [11]| has
proved that if Ry < 1, the system (1) has unique infection-free equilibrium corresponding to the
extinction of virus, and it is globally asymptotically stable. If Ry > 1, E'; becomes unstable and the
system (1) has an endemic equilibrium of the form E*(z*,y",v") and it is globally asymptotically
stable.

I

On the other hand, the model (1) don’t incorporate the effect of the environmental noise. While,
it is essential to reveal how the environmental noise affects the viral infection models. Using
stochastic models can attain more real benefits and can predict the future dynamics of the system
accurately. For better understanding the dynamics of the viral infection models, we introduce
stochastic perturbations into the deterministic model (1). Motivated by [12,13], the corresponding
to system (1), the stochastic viral infection model takes the following form
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dz(t) = |X=6z(t) — f(z(t), y(t), v(t))v(t) + py(t)} dt + o1 [z — z*]dBi(t),
dy(t) = |f(z(),y(),v(t)v(t) - (a+ p)y(t)] dt + o2 [y — y*]dBa(t), (2)
dv(t) = |ky(t) — po(t)|dt + os[v — v*]dBs(t),

where the stochastic perturbations are of white noise type and that they are directly proportional
to the deviation of a current state (z,y,v) from the endemic equilibrium E*(x*,y*,v™) for the
corresponding deterministic model (1). B;(t) (i = 1,2,3) are independent standard Brownian
motion defined on a complete probability space (2, F,P) with a filtration {F;};>0 satisfying the
usual conditions, i.e., it is increasing and right continuous while Fy contains all P-null sets, and o;
represent the intensities of B;(t) for (i = 1,2, 3), respectively.

The rest of paper is organized as follows. In the next section, we prove that system (2) is biologically
well-posed by showing the global existence and positivity of solutions. The stochastic stability
analysis is investigated in sections 3. In Section 4, we give an application to HIV infection and their
numerical simulations to illustrate our main results. The paper ends with a brief discussion and
conclusion.

2  Well-posedness

The aim of this section is to prove that the solution of system (2) is global and positive for any
initial value. For this, we denote the set ]Rf_ by

]Ri = {(m,azz,mg) € ]R3| z; > 0,1 = 1,2,3}.
Let ¢(z) be a function defined on (0, +o0) as ¢(z) =z — 1 — In(z).

First, we need the following lemma:
Lemma 2.1. [14] For all z > 0, we have
z < 2¢(x) + 2In(2),Vz > 0. (3)

Theorem 2.2. For any initial value X(0) € R, there exists a unique solution X (t) of system (2)
defined on [0, +00) and this solution remains in IR with probability 1, namely X (t) € R% for all
t > 0 almost surely (briefly a.s.).

Proof. From [15], we deduce that system (1) has a unique local solution X (¢) on t € [0, 7), where

Te is the explosion time. To prove that this solution is global, we need to prove that 7. = co a.s.
1

Let po be sufficiently large so that every component of X (0) lies within the interval [—, po]. For
Ppo

each integer p > po, define the stopping time

i : 1 or 1 or v 1
Tp = lnf{t €10,7): x(t) ¢ (p,p) y(t) ¢ (p,p) (t) ¢ (p,p)},

with the traditional setting inf ) = co, where () denotes the empty set. It is clear that 7, < 7. a.s.
Now, we need to prove that 7, = co a.s. Assume that this statement is false, then there is a pair of
constants § > 0 and e € (0, 1) such that

P{Too < 9} > €.
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Hence there is an integer p1 > po such that
P{Tp < 9} > e forall p > p;. (4)
We define a C%-function V : ]Ri — R4 as follows

V(X) = 0(1) + 6ly) + 1 6(0),

A
where zo = —. Using It’s formula, we obtain

é
V(X)) = {(1_ ) (A= b2~ S 0)0) + (1= 1) (f(a 00— ay)
+k(1—7)(ky p) + Dot (1 - ) +%a§(1_%)2
+3:0 20-2 ]dt+ 11— 22 (@ — 2)dBu(t)
+02(1 i)(y y*)dBa(t) + 03(1—7)(11—1) )dBs(t)
_ 0 2 f(z,v)v ap ap
= {7;@73:0) — ” +f(x,v)vf?vfav+a+?
o o Tky2 1 o Yk 2 a
+?Oal(1—?) —|—502(1—?) +2k (1—7) dt

b (L= 2 (@~ 2B (1) + 021~ )~y )dBa(0)

ap T Tk 1 Y
f(x,v)v+a+?+?0 f(l ?)2 5 2(173)2

a V¥ 2 x .
+%0§(1 Y —) ]dt—l—al(l— ?O)(x—x )d B (t)

IN

toa(1 - i)(y " )aBa(r) + Los (1 - %)(v — v")dBs(t).

According to Lemma 2.1, we have

Hence,

dv(X(t) < <M1 + MQV(X(t))>dt +o1(1— %)(x — 2*)dB(t)
+o2(1— i)(y —y")dBa(s) + %03(1 - %)(v —v")dBs(t),

where M; and Mo are a positive constants.

Integrating both sides of the above inequality from 0 to 7, A 6, we get

Tp A0 Tp A0 TpA\O o
/0 AV (X(0) < /0 M3[1+V(X(s))]ds+/0 o1(1= ) (o~ a")dB ()
TpAO
AR RS TEE

o
S|

Tp N6
+/0 %oa(1 = 1) (0 = v)dBs(s),
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where 7, A § = min{7,,0} and M3 = max{Mi, M>}. Then taking the expectations leads to

EV(X(rp A0)) < V(X(O))+E/TW Ms[1+V(X(s))]ds
0

IN

V(X(0)) + Ms6 + Ms /9 EV (X (1, A §))ds.

According to Gronwall inequality we reduce that
EV(X(1p A0)) < My, (5)

where My = (V(X(0)) + M30)e™3°.
Set Q, = {7, < 0} for p > p and by (4

component of X (7,,w) equal either p or

, P(Qp) > €. Not that for every w € Q,, there is some
. Hence V(X (7p,w)) is not less than the smallest of

"D I=

1 1
—1—1log(=) == —1+log(p).

p—1—log(p) and -)=
p p

D=

Consequently,
V(X(rpyw)) > [p—1 - log(p)] A [;1) ~ 1+ log(p)].

It then follows from (4) and (5) that
My > E[lng(X(Tp,w))} > e([p -1 log(p)] A [% — 14+ log(p)]),

where 1q,, is the indicator function of ,. Letting p — oo leads to the contradiction co > My = co.
So we must therefore have 7o = 00 a.s . |

3 Stability Analysis

Clearly, the system (2) has the same equilibria as the system (1). Throughout this section, we
assume that Ry > 1, and we discuss the stability of the endemic equilibrium E* of system (2).
The stochastic system (2) can be centered at its interior endemic equilibrium E* by the changes of
the variables as follows

u=z—zus =y —vy" and uz =v —v". (6)

Hence, the linearized version corresponding to system (2) around E* is given by

du(t) = F(u(t))dt + G (u(t))dB(t), (7)
where
’LL(t) = (ul(t)7u2(t)7u3(t)) ’
F(u) =
5 ;fax(w Y 07) (;} ay(ﬂc YUt +p va?cv(w YY) = fla YY)
’U%(Jﬁ,y,v) ’Uafy(l',y,’l})*(a‘i’p) v%(a:,y,v)+f(x,y,v)
0 k —
g1U1 0 0
G(U): 0 g2U2 0 )
0 0 a3us
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B(t) = (Bi(t), Bx(1), Bs (1))
and the superscript "T" represents transposition.

It is easy to see that the stability of the endemic equilibrium E* of model (2) is equivalent to the
stability of the trivial solution u(¢) = 0 in (7).

Denote by C*2([0, 4-00) x R?; R) the family of non-negative functions W (¢, u) defined on [0, +-00) x
R? such that they are continuously differentiable with respect to ¢t and twice with respect to wu.
From [16], we define the differential operator L for a function W (t,u) € C*%([0, +00) x R*;R) by

_ OW(t,u) v, OW(tu) 1 r,  OPW(t,u)
LW (t,u) = 5 + F (u)iau + 2Tr G (u)iau2 G(u)|, (8)
where
OW (t,iu)  [(OW(t,u) OW (t,u) OW (t,u)\"
ou o Our  Ous = Ous ’
and

W (t,u) [ 0PW(t,u)
ou? - Ou;Ou; i ].

In order to obtain stability conditions, we will use the following theorem (for the proofs of these
theorem we refer the reader to [16]).

Theorem 3.1. Suppose that there exists a function W (t,u) € C*2([0, +00) x IR*; R) satisfying the
following inequalities:
mlzl” < W(tu) < nalzl”, (9)

LW (t,u) < —ns|z|?, (10)
where n;, (1 = 1,2,3), and p are positive constants. Then the trivial solution of (7) is exponentially

p-stable for t > 0. Moreover, if p = 2, then the trivial solution is also called asymptotically mean
square stable and it is globally asymptotically stable in probability.

From theorem 3.1, we get the sufficient conditions for stochastic asymptotic stability of trivial
solution of (7) which are given by the following theorem.

Theorem 3.2. Assume that Ry > 1. If the following conditions are satisfied:
2 2 2
01 <20, 05 <a and o3 <2u — a, (11)

then the trivial solution in (7) is asymptotically mean square stable and it is globally asymptotically
stable in probability.

Proof. We define the Lyapunov function W (¢, u) as follows
2k
W(t,u) = — [ul + uQ]Q + %u; (12)

It is easy to verify that inequality (9) holds true with p = 2.
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By applying the operator L on W (t,u), we get

2k * * >k * * * * *
LW(t7u) :;(ul +U2) (_6_U %(3} Yy, v ))U1+(—U %(1‘ Yy v )-‘y—p)ﬂg
*af * * * * * * *8f * * *
+(7; %(.Z' Y, )7f(l' Y U ))au3+v %(J] Y U )’LL1
Ho F @y o) —a e+ (0@ )+ )
2 2 2
+2£(ku2 _ MU3)U3 + @u% + @ug + %ug
ka 1 2 1 ak 2k
= —;((5 — 50%)1& — ;(a — 50’3)’1}3 — E(Zu — U%)ug — ;(U/ -‘r,l,L)’LLl’U/Q
+2ausus
2 1 2 1 2
< ——k((S — 50%)1& — Xk(a — §a§)u§ — %(Q,u — ag)ug + kuj + %ug
- f%(a oty o)l - O (op—a— ol)u
=7 501)tr — o 2)u2 — ¢ 2 3)Us-
Hence,
LW (t,u) < —(Auf + Bu3 + Cu3), (13)
with ok ) .
a
A= ;(5— 50%),32 E(a—ag) and C' = E(Zu—a—aé).

From the assumptions of theorem 3.2, we deduce that A, B and C are positive constants since y > a.
Let 0 < n = min{A, B,C}. From (13), one sees that

LW (t,u) < —7]|u|2. (14)

According to theorem 3.1, we conclude that the trivial solution of system (7) is asymptotically mean
square stable. So we have the assertion. |

Because the order of nonlinearity of system (2) is higher than one, we give the following corollary
without any proof, since the proof is similar to that of [17].

Corollary 3.3. Assume that the conditions of theorem 3.2 are satisfied, then the trivial solution
or the endemic equilibrium E* of system (2) is stable in probability.

Remark 3.4. Note that if all conditions (11) do not hold then LW > 0 and the trivial solution of
the system (7) can not be asymptotically mean square stable.

4 Application and Numerical Simulations

The main purpose of this section is to apply our theoretical results to the following stochastic HIV
infection model with Hattaf-Yousfi incidence rate (see Section 4, [18])

Bxv

oo + a1 + azv + asxv

dz(t) = |\—dx—

+ py] dt + o1 [x — x*]dBl(t),

_ /va _ o
dy(t) = Lo + a1x + a2v + azzv (a+ p)y} dt+ o2 [y Y ]dBQ(t)’ (15)

dv(t) = |ky—pv|dt+o3[v—v*]dBs(t),

where z(t), y(t) and v(t) denote the densities of uninfected represented by cytotoxic T lymphocytes
cells (CD4™ T cells), infected cells and free virus particles at time t, respectively. The parameter 3 is
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the infection rate and ao, a1, a2, ag are non-negative constants. It is very important to note that this
incidence rate includes many special cases existing in the literature such as the mass action called
also the bilinear incidence function when ap = 1 and a1 = a2 = as = 0; the saturation incidence
rate when ap = 1 and a1 = a3 = 0; the Beddington-DeAngelis functional response [19,20] when
ao = 1 and a3 = 0; the Crowley-Martin functional response introduced in [10] and used by Zhou et
al. [9] when ap = 1 and as = a1ae; the more generalized response proposed by Hattaf et al. (see
Section 5, [21]) and used in [13,22-24] when ap = 1.

Bz
Qo + a1 + asv + aszv’
this case, it is easy to see that the hypotheses (H1)-(Hs) are checked. Further, the basic reproduction

In

In fact, system (15) is a special case of the model (2) with f(z,y,v) =

ABk
number of the corresponding deterministic of our model (15) is given by Ry = .
P g (15) is given by Ro rEIC R
In addition, if Ro > 1, the system (15) has a unique endemic equilibrium of the form E* (w*, %v*, % (A=

6x")) where

. \/A2 + 4asdk(a + p) (wap(a + p) + a2Xk(p +a)) — A

v 2a35k(a —+ p)

I

with
A = [kaB — arap(a+ p) — aadk(p — a) — asAk(p + a)].

Now, we numerically simulate the solution of the stochastic system (15) and the solution of his
corresponding deterministic system, (o; = 0, ¢ = 1,2,3). Using Milstein’s Higher Order Method
mentioned in [25], we get the discretization equation, which is

Bxivi

Tiy1 =T+ |A—dx; —
¢ t b ao + armi + azv + asmivg

9 L

+2L [ — 2"] [Atffi — At],

+ pyi:| At + 01 [l'z — $*] VAL

2 _
) o ﬂx-ﬂ)i ) ) % — )
b1 =Uit | a0 + arxi + azv; + azziv; (a+p)y | At +o2[y: =] VAL
2
a *
+= [ — '] [Ates - A,

2
Vit1 =0 + kyi — [v; At + o3 [’Ui — U*} \/Ef;g, + % [Uz‘ — ’U*] [At&fl — At],

where &5, j = 1,2,3 and ¢ = 1,2, ..., n, are the independent Gaussian random variables N (0, 1) and
At is the time step. By using Matlab, we get the figures with initial conditions: z(0) = 700 cells
mm ™3, (0) = 10 cells mm ™3, v(0) = 3.1072 virions mm ™. The all biological parameter values are
taken from [24].

In Fig. 1, we choose the following parameter values: A = 10 cells pl=* day~™*, § = 0.0139 day !,

B = 0.0012 pl virion™" day~!, p = 0.01 day™', a = 0.27 day ™", k = 600 virion cell™* day™", u =3
da.yfl7 ap = 0.5, a1 = 0.1, az = 0.01, az = 0.00001, o1 = 0.02, o2 = 0.004 and o3 = 0.004. It is
obvious that Ro = 8.5123 > 1, of = 0.0004 < 2§ = 0.0278, 053 = 1.6 107° < a = 0.27 and o3 = 1.6
107% < 2u — a = 5.73 which satisfy theorem 3.2. Then the endemic equilibrium E* is globally
asymptotically stable. Fig. 1 demonstrates the above analysis.

In Fig. 2, we choose o1 = 0.01, o2 = 0.001, 03 = 0.001 and do not change the other parameter values.
We show that the endemic equilibrium E* is globally asymptotically stable, and the fluctuation is
getting smaller with the decrease of the white noise (compare the Fig. 1 with the Fig. 2).
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Fig. 1. Deterministic and stochastic trajectories of model (15) with o, = 0.02,
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Fig. 2. Deterministic and stochastic trajectories of model (15) with o, = 0.01,

o2 = 0.001 and o3 = 0.001, when Ry > 1
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In Fig. 3, we keep parameters as Fig. 1. We see that the solutions of both deterministic and
stochastic models converge to the endemic equilibrium E* with different initial condition values.
Then by theorem 3.2, E* is globally asymptotically stable.

«10%

Stochasti del
Deterministic model ochastic mode

=
>

150

200

400
x(t)

800 ggg O y(t) x(t) oo O y(t)

Fig. 3. Deterministic and stochastic trajectories of model (15) with different initial

conditions, when Ry > 1

In Fig. 4, we choose 07 = 0.4 > 2§ = 0.0278, 03 = 16 > a = 0.27 and 02 = 16 > 2u —a = 5.73

which not satisfy the conditions (11) of theorem 3.2.

Then the endemic equilibrium E* is not

asymptotically mean square stable.
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Fig. 4. Deterministic and stochastic trajectories of model (15) with 01 =0.2, 02 =4

and 03 =4, when Ry > 1
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5 Discussion and Conclusion

The purpose of this work is to study the effects of the environmental fluctuations on the dynamical
behavior of a viral infection model with general incidence rate by considering the white noise
perturbation around the endemic equilibrium. We have proved the global existence and positivity
of solution of system (2) to ensure the well-posedness of the problem. Further, we have shown that
if Rp > 1 and the intensities of white noise are less than certain threshold of parameters, then the
trivial solution of linearized system (7) is asymptotically mean square stable which gives the stability
in probability of the trivial solution of the original system (2). However, if there is no environmental
stochastic perturbation which means that o; = 0 for (i = 1,2,3), then the conditions of theorem
(3.2) are reduced to Ro > 1, which gives a nonlinear stability condition for the deterministic model

(1).

From the theoretical and numerical results, we see that when the noise density is not large, the
stochastic model (2) can preserves the property of the stability of the deterministic model (1). To
a great extent, we can ignore the noise and use the deterministic model (1) to describe the viral
dynamics. However, when the noise is sufficiently large it can force state variables to become largely
fluctuating. In this case, we can not use deterministic model (1) but instead stochastic model (2)
to describe the viral dynamics. Needless to say, both deterministic and stochastic epidemic models
have their important roles in the study of epidemics’s spreading.
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